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VOLUME AND STRUCTURE OF HYPERBOLIC 3-MANIFOLDS
TERUHIKO SOMA
Abstract. In this paper, we show that Gromov-Thurston’s principle works
for hyperbolic 3-manifolds of infinite volume and with finitely generated funda-
mental group. As an application, we have a new proof of Ending Lamination
Theorem. Our proof essentially relays only on Maximum Volume Law for
hyperbolic 3-simplices.
Let f : M −→ M ′ be a proper degree-one map between oriented hyperbolic
3-manifolds of finite volume. In [Th1, Theorem 6.4], Thurston proved by using
results of Gromov [Gr] that f is properly homotopic to an isometry if and only
if Vol(M) = Vol(M ′). This theorem suggests us Gromov-Thurston’s principle on
hyperbolic manifolds of dimension three (or more) that “Volume determines the
structure”. This principle is essentially supported by Maximum Volume Law, which
says that a hyperbolic 3-simplex has the maximum volume v3 = 1.01494 . . . if
and only if it is a regular ideal simplex, see [Th1, Chapter 7]. The main tool
for connecting the rigidity with the volume is the smearing 3-cycle zM (σ) on M
associated with a straight 3-simplex σ : ∆3 −→ H3, which is introduced in [Th1,
Chapter 6].
Now we consider the case when M is an oriented hyperbolic 3-manifold of infi-
nite volume and with finitely generated fundamental group. Then, instead of the
volume of M , we use the bounded 3-cocycle ωM on M such that, for any singular 3-
simplex τ : ∆3 −→M , ωM (τ) is the oriented volume of the straightened 3-simplex
straight(τ) of τ . Suppose that any ends of M are incompressible and there exists
an orientation and parabolic cusp-preserving homeomorphism ϕ : M −→M ′ to an-
other oriented hyperbolic 3-manifold M ′. Let Y be any infinite volume submanifold
of M , possibly Y = M . Then, for the restriction zY (σ) of zM (σ) on Y , ωM (zY (σ))
is infinite. In such a case, we consider an expanding sequence of compact submani-
folds Xn of Y with
⋃∞
n=1Xn = Y and substitute the restrictions zXn(σ) for zY (σ).
The map ϕ is said to satisfy a pseudo-inverse inequality of straightened volume (for
short an SV-pseudo-inverse inequality) on Y if there exists a constant c0 > 0 and
submanifolds Xn as above such that
(0.1) ωM ′(ϕ∗(zXn(σ))) > ωM (zXn(σ))− c0
for any n and any straight simplex σ : ∆3 −→ H3 with Vol(σ) > 1. The lower
bound ‘1’ is chosen just as a constant such that v3 − 1 is a positive small number.
The following theorem is our main result.
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2 TERUHIKO SOMA
Theorem A. Let E be a neighborhood of a simply degenerate end of M . If ϕ
satisfies an SV-pseudo-inverse inequality on E, then the restriction ϕ|E is properly
homotopic to a bi-Lipschitz map.
It is not hard to see that, if ϕ preserves the fundamental bounded cohomology
classes of M and M ′, then both ϕ and ϕ−1 satisfy SV-pseudo-inverse inequalities on
neighborhoods of any simply degenerated ends of M and M ′ respectively. Thus we
have the following corollary. See Soma [So2] and Farre [Far] for results connected
to ours.
Corollary B. Let [ωM ] ∈ H3b (M,R), [ωM ′ ] ∈ H3b (M ′,R) be the fundamental
bounded cohomology classes of M and M ′, respectively. If ϕ∗([ωM ′ ]) = [ωM ] in
H3b (M,R), then ϕ is properly homotopic to a bi-Lipschitz map.
Next we consider another case which guarantees that ϕ satisfies an SV-pseudo-
inverse inequality. Let fn : Σ(σn) −→M (n = 0, 1, 2, . . . ) be pleated maps tending
toward a simply degenerate end E of M and Σ(σn) the surface Σ with the hyperbolic
structure σn induced from that on M via fn. Suppose that fn realizes a measured
lamination βn which is normalized so that lengthσ0(βn) is equal to one. Then {βn}
has a subsequence converging to a measured lamination ν in Σ(σ0). The support of
ν is independent of the choice of the subsequence and called the ending lamination
of E . From the definition, βn is arbitrarily close to ν in Σ(σ0) for all sufficiently
large n. However, the realization of ν in Σ(σn) is not necessarily close to βn. So it
would be possible to encounter interesting phenomena by observing the lamination
ν with the ‘moving’ hyperbolic structures σn on Σ. In fact, by analyzing a limit
lamination ν∞ of νn in a geometric limit surface Σ∞ of Σ(σn), we show Volume
Difference Boundedness Lemma (Lemma 10.1), which plays a key role in the proof
of the following theorem.
Theorem C. Suppose that E is a neighborhood of a simply degenerate end E of M
and E′ = ϕ(E) is also a neighborhood of a simply degenerate end E ′ of M ′. If E and
E ′ have the same ending lamination, then either ϕ satisfies an SV-pseudo-inverse
inequality on E or ϕ−1 does on E′.
Ending Lamination Theorem is a rigidity theorem for infinite volume hyperbolic
3-manifolds proved by Minsky partially collaborating with some authors, see [MM,
Mi1, Mi2, BCM] and so on. In the original proof, the theory of curve complex
is crucial. In particular, the Gromov hyperbolicity of curve complex [MM, Bow1]
and Length Upper Bound Lemma for tight geodesics [Mi2, Bow2] are the two main
pillars supporting the proof.
By Theorems A and C, we have an alternative proof of Ending Lamination
Theorem without relying on the theory of curve complex.
Corollary D. Suppose that ϕ : M −→ M ′ preserves the end invariants, i.e. con-
formal structures on geometrically finite ends and ending laminations on simply
degenerate ends. Then ϕ is properly homotopic to an isometry.
This corollary says that Gromov-Thurston’s principle is valid for hyperbolic 3-
manifolds of infinite volume. For simplicity, we considered only the case when ends
of hyperbolic 3-manifolds are incompressible. It would be possible to generalize our
argument to the compressible end case by using the topological tameness theorem
for hyperbolic 3-manifolds (Agol [Ag], Calegari-Gabai [CG]) and applying Canary’s
branched covering trick [Ca].
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The paper is organized as follows. Section 1 recalls standard notations on hy-
perbolic geometry. Moreover we construct normalized maps with certain bounded
geometry by using pleated maps. Normalized maps have the advantage that they
are embeddings to a hyperbolic 3-manifold M . Section 2 presents the decomposi-
tion of a neighborhood E of a simply degenerate end E of M by normalized maps
tending toward E , where the ubiquity of pleated maps in E are used essentially.
In Section 3, the bounded cohomology and smearing 3-chains zX(σ) supported on
almost compact subsets X in E are defined. Section 4 presents 3-chains on E
with uniformly bounded norm which connect the boundaries of smearing 3-chains
and the fundamental 2-cycles on the normalized surfaces. Section 5 studies a con-
tinuous map ψ : M −→ M ′ ‘essentially’ equal to a homeomorphism ϕ satisfying
an SV-pseudo-inverse inequality on E. For a small η > 0, a straight singular 3-
simplex τ : ∆3 −→ M is η-inefficient if the volume of the 3-simplex obtained by
straightening ψ ◦ τ is not greater than v3− η. It is shown that the property of SV-
pseudo-inverse inequality for ϕ on E implies that the η-inefficient 3-chains occupy
only a small part of supp(zX(σ)) for any large partition subset X = N(n0,n1) of E.
Section 6 shows that the lift ψ˜ of ψ to the universal covering H3 is approximated by
the identity near the boundary S2∞ of H3 with respect to suitable coordinates on H3.
For the proof, we use the fact given in the previous section that most 3-chains in
supp(zX(σ)) are η-efficient. Our argument is the infinite volume version of results in
[So4] for closed hyperbolic 3-manifolds. In Section 7, by using the property of ψ˜, we
first construct a locally bi-Lipschitz map ϕ(1) : Ethick −→ E′ = ϕ(E) properly ho-
motopic to ϕ|Ethick and then extend ϕ(1) to a bi-Lipschitz map ΦE : E −→ E′, which
proves Theorem A. Sections 8 and 9 study a geometric limit f
(′)
∞ : Σ
(′)
∞ −→ E(′)∞ of
pleated maps f
(′)
n : Σ
(′)
n −→ E(′) tending toward the end E(′) of E(′). Consider the
realization ν
(′)
n of the ending lamination ν(′) of E(′) in the moving hyperbolic sur-
faces Σ
(′)
n and a geometric limit lamination ν
(′)
∞ in Σ
(′)
∞ . We investigate connections
between ν∞ and ν′∞ under the assumption of ν = ν
′. The main tools for the inves-
tigation are supervising markings and limits of left earthquakes. In Section 10, we
first prove by using results in the previous section Volume Difference Boundedness
Lemma (Lemma 10.1), which is a key for the proof of Theorem C. The implication
from this lemma to the theorem is done by an argument similar to that in Section
5.
1. Preliminaries
In this section, we present fundamental definitions and notations in forms suit-
able to our arguments. Refer to Thurston [Th1], Benedetti and Petronio [BP],
Matsuzaki and Taniguchi [MT] and so on for other notations concerning hyper-
bolic geometry and to Hempel [He] for 3-manifold topology. For a subset A of a
metric space X = (X, d), the closure of A in X is denoted by A. For any r > 0,
the r-neighborhood {y ∈ X; d(y,A) ≤ r} of A is denoted by Nr(A,X) or Nr(A)
for short. In the case of A = {x}, we set Nr({x}) = Br(x). For a constant c,
c(a1, . . . , an) means that it depends on variables a1, . . . , an.
A Kleinian group is a discrete subgroup of Isom+(H3) = PSL2(C). In this paper,
any Kleinian group Γ is always supposed to be torsion-free, hence in particular, the
quotient map p : H3 −→ H3/Γ = M is the universal covering. We always suppose
that M has a uniquely determined hyperbolic structure with respect to which p is
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locally isometric and moreover M has the orientation compatible with the standard
orientation on H3 via p.
Our definition of thin and thick parts of hyperbolic 3-manifolds are slightly
different from standard ones.
Definition 1.1 (Thin and thick parts of hyperbolic 3-manifolds). For a µ > 0,
the pure µ-thin part Mp-thin(µ) of M is the set of points x ∈ M such that there
exists a non-contractible loop l in M of length ≤ 2µ and passing through x. The
complement Mp-thick(µ) = M \ IntMp-thin(µ) is called the pure µ-thick part of M .
By the Margulis Lemma [Th1, Corollary 5.10.2], there exists a constant µ∗ > 0
independent of M , called a Margulis constant, such that, for any 0 < µ ≤ µ∗, each
component of Mp-thin(µ) is either an equidistant tubular neighborhood of a simple
closed geodesic, called a Margulis tube, in M or a parabolic cusp of type Z or Z×Z.
The union Mthin(µ) of components of Mp-thin(µ) meeting Mp-thin(µ/2) non-trivially is
called the µ-thin part of M and the complement Mthick(µ) = M \ IntMthin(µ) is the
µ-thick part of M . Then we have Mp-thin(µ/2) ⊂Mthin(µ) ⊂Mp-thin(µ). Let Mcusp(µ)
be the union of cuspidal components of Mthin(µ) and Mtube(µ) = Mthin(µ)\Mcusp(µ).
In other words, Mtube(µ) is the union of Margulis tube components of Mthin(µ). The
complement M \ IntMcusp(µ) is the main part of M and denoted by Mmain(µ).
Remark 1.2. The pure µ-thin part Mp-thin(µ) may have a Margulis tube com-
ponent with very small radius. In such a case, the boundedness of geometry on
Mp-thick(µ) (see Subsection 1.4) would not be estimated by the constant µ. On the
other hand, the radius of any component of Mtube(µ) with respect to our definition
is greater than a constant c(µ) > 0 depending only on µ.
For any a, b > 0, consider the subset P˜ (a, b) = {(z, t) | 0 ≤ Re(z) ≤ a, t ≥ b} of
H3 = C × R+. Let P (a, b) be the quotient space of P˜ (a, b) by the action on H3
generated by the isometry (z, t) 7→ (z +√−1, t). A submanifold P of M is called
a finite parabolic cusp if P is either a Z× Z-component of Mcusp(µ) or isometric to
P (a, b) for some a, b > 0. We say that a subspace of M is almost compact if it is a
union of a compact set and finitely many finite parabolic cusps of M .
1.1. Assumptions. Let Γ and Γ′ be finitely generated non-abelian Kleinian groups.
Suppose that there exists an orientation-preserving homeomorphism ϕ : M =
H3/Γ −→ M ′ = H3/Γ′ which induces a bijection between the components of
Mcusp(µ) and those of M
′
cusp(µ). By Scott-McCullough’s Core Theorem [Sc, MC],
there exists a compact connected submanifold Cmain of Mmain(µ) such that (i) the
inclusion Cmain ⊂Mmain(µ) is pi1-isomorphic, (ii) Cmain ∩V is an annulus in ∂V for
any Z-cusp component V of Mcusp(µ), and (iii) ∂V is a torus component of ∂Cmain
for any Z × Z-cusp component V of Mcusp(µ). In particular, the properties (ii)
and (iii) imply that any end of Mmain(µ) contains no accidental parabolic cusps. A
submanifold C of M is called a finite core if C ∩Mmain(µ) = Cmain and C ∩ V is
a finite parabolic cusp for any component V of Mcusp(µ). Throughout this paper,
we suppose that any component Σ of ∂C is incompressible in C. Any end E of
Mmain(µ) is simply called an end of M . The closure E of the component of M \ Σ
adjacent to E is said to be the neighborhood of E with respect to C. The end E is ge-
ometrically finite if one can choose C so that it is locally convex on a neighborhood
of Σ in M . Otherwise E is geometrically infinite. According to Bonahon [Bo], any
geometrically infinite end E is simply degenerate, that is, there exists a sequence
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of closed geodesics λ∗n in E diverging toward E and freely homotopic in E to a
simple closed curve λn in Σ. Note that E is homeomorphic to Σ× [0,∞), see [Th1,
Theorem 9.4.1] and [Bo, Corollaire C]. Fix a complete hyperbolic structure on Σ of
finite area and realize each λn as a simple geodesic loop in Σ. Then the sequence
of the normalized simple closed geodesics rnλn with rn = 1/lengthΣ(λn) has a sub-
sequence converging to a measured lamination ν in Σ. The support supp(ν) of ν is
independent of the choice of the diverging sequence λ∗n or that of the subsequence
of rnλn, which is called the ending lamination of E , see [Th1, Section 9.3].
1.2. Pleated maps, revisited. First we review some results concerning pleated
maps.
Let C be a finite core of M . Fix a Margulis constant µ0 > 0 such that C
is disjoint from Mtube(µ0) and Mthin(µ0) ∩ E is unknotted and unlinked in E in
the sense of Otal [Ot] for any end neighborhood E with respect to C. Suppose
that E is the neighborhood of a simply degenerate end E with respect to C. We
set E ∩Mthick(µ0) = Ethick(µ0), E ∩Mcusp(µ0) = Ecusp(µ0) and so on. A proper
homotopy equivalence f : Σ(σ) −→ E is called a pleated map realizing a geodesic
lamination λ in Σ(σ) if f satisfies the following conditions, where σ is a hyperbolic
structure on Σ.
• For any rectifiable path α in Σ(σ), its image f(α) is also a rectifiable path in
E with lengthΣ(σ)(α) = lengthE(f(α)).
• f(l) is a geodesic in E for each leaf l of λ.
• For each component ∆ of Σ \λ, the restriction f |∆ is a totally geodesic immer-
sion into E
We say that the lamination λ is a pleating locus of f or realized in E by f . In the
case when ∆ is a neighborhood of a cusp of Σ, the last condition is guaranteed by
[Th1, Corollary 9.5.6]. Since AreaΣ(σ)(λ) = 0, these conditions imply that, for any
measurable subset A of Σ, AreaΣ(σ)(A) = AreaE(f(A)). If necessary adding finitely
many simple geodesics to λ, we may assume that any pleated maps f : Σ −→ E in
this paper satisfy the following extra conditions.
• Each component ∆ of Σ \ λ is a maximal ideal 2-simplex or a once-punctured
mono-gon. In the former case, f(∆)∩Ecusp(µ) = ∅ for a sufficiently small µ > 0.
In the latter case, f(∆) ∩ Ecusp(ν) 6= ∅ for any ν > 0.
Such a lamination λ is called full in Σ. Here ∆ being a maximal 2-simplex means
that ∆ is isometric to an ideal 2-simplex in H2 such that all the vertices are points
at infinity, or equivalently Area(∆) = pi.
For a pleated map f : Σ(σ) −→ E, set Y (f) = f−1(Ethin(µ0)). If necessary
deforming f slightly, we may assume that each component of the boundary ∂Y (f)
is a (non-smooth) simple loop in Σ.
Lemma 1.3. For any component Y0 of Y (f), the following (1) and (2) hold.
(1) The inclusion ι : Y0 −→ Σ is pi1-injective.
(2) Y0 is either a disk or an annulus or a once-punctured disk.
Proof. (1) Let V be the component of Ethin(µ0) containing f(Y0). If the inclusion
ι : Y0 −→ Σ were not pi1-injective, then there would exist a component β of ∂Y0
which bounds a disk D in Σ \ IntY0. Since the inclusion V ⊂ E is pi1-injective
and since f |β is contractible in E, f |β is contractible also in V . It follows that
f |D : D −→ E is homotopic rel. β to a map into V . Any component α of D ∩ λ is
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an arc such that f(α) is geodesic in E which is homotopic into V rel. ∂α. Since V
is locally convex in E, f(α) itself is contained in V . Since the restriction of f on
any component ∆ of D \ λ is totally geodesic and f(∂∆) ⊂ V , f(∆) is contained
in V and hence f(D) ⊂ V . So we have D ⊂ Y0, a contradiction. It follows that
ι : Y0 −→ Σ is pi1-injective.
(2) Since f ◦ ι : Y0 −→ V is pi1-injective and pi1(V ) is isomorphic to Z, pi1(Y0)
is either trivial or isomorphic to Z. Thus Y0 is either a disk or an annulus or a
once-punctured disk. 
Let Λf be the core of Σ(σ)tube(µ0) consisting of simple geodesic loops. Now we
consider the case when a pleated map f : Σ(σ) −→ E realizes Λf , that is, the
pleating locus of f contains Λf . Suppose that µ0 is sufficiently small compared
with a fixed Margulis constant µ∗. For any components V0 of Etube(µ0) and V∗ of
Etube(µ∗) with V0 ⊂ V∗, dist(∂V∗, V0) is greater than an arbitrarily large constant
r > 0. Let Y∗ be the component of f−1(Etube(µ∗)) with f(Y∗)∩Etube(µ0) 6= ∅. If Y∗
were a disk, then Y∗ would contain a hyperbolic disk of radius r. This contradicts
that Area(Y∗) < Area(Σ(σ)) = −2piχ(Σ) if r is large or equivalently µ0 is small.
As in Lemma 1.3, it follows that Y∗ is an annulus, which has a topological core l0.
Then we have a pleated map f1 : Σ −→ E such that f1(Λf1) = f(Λf ) ∪ λ1, where
λ1 is the geodesic core of a component of Etube(µ0) freely homotopic to f(l0) in E.
By repeating this process finitely many times, we have pleated map g : Σ(τ) −→ E
satisfying the following conditions.
(Y1) For the geodesic core l of any component of Σ(τ)tube(µ0), g(l) is a geodesic
loop in E.
(Y2) Σ(τ)thin(µ0) is a core of Y (g), or equivalently, F (g) := g
−1(Ethick(µ0)) is a core
of Σ(τ)thick(µ0).
Abbreviations and uniform constants. From now on, we work under a fixed
µ0 and set Ethin(µ0) = Ethin, Ethick(µ0) = Ethick, Ecusp(µ0) = Ecusp and Emain(µ0) =
Emain and so on. Moreover we say that a constant c is uniform if c depends only
on the Euler characteristic χ(Σ) of Σ and µ0. For example, a uniform constant
c = c(k, l) means that c is a constant depending only on χ(Σ), µ0 and k, l.
For any element γ of PSL2(C) and x ∈ H3, tl(γ, x) = distH3(x, γx) is the trans-
lation length of γ with respect to x. The minimum translation length tl(γ) of γ is
defined by inf{tl(γ, x); x ∈ H3}. In particular, if γ is parabolic, then tl(γ) = 0.
Lemma 1.4. Let f : Σ(σ) −→ E be a pleated map satisfying (Y1) and (Y2). For
any component F of Σ(σ)thick, let xF be a fixed point of F ∩ F (f). Then there
exists a generator system γ1, . . . , γu of pi1(F, xF ) with u ≤ u0 and such that
µ0 < tl(γj) ≤ tl(γj , x˜F ) < l0
for some uniform constant l0 > 0 and u0 ∈ N, where γj ∈ pi1(F, xF ) is identified
with the element of Γ uniquely determined from γj and a point x˜F with p(x˜F ) = xF .
Proof. Since diam(F ) is uniformly bounded, it is not hard to show that there exists
a positive integer u0 depending only on χ(Σ) and oriented closed curves c1, . . . , cu
with u ≤ u0 in F passing through xF and satisfying the following conditions.
• The elements γ1, . . . , γu of pi1(F, xF ) represented by c1, . . . , cu, respectively,
form a generator system of pi1(F, xF ).
• lengthΣ(σ)(cj) < l0 (j = 1, . . . , u) for a uniform constant l0 > 0.
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• Any cj is not freely homotopic in F to a loop cyclically covering a simple loop
in F .
The second condition shows that tl(γi, x˜F ) < l0. The third condition implies that
f(cj) is not freely homotopic into any component of Ethin(µ0). This shows µ0 <
tl(γi). 
1.3. Bounding volume. Let C be a connected oriented 3-manifold with smooth
boundary ∂C. Suppose that ζ : ∂C −→ E is a proper continuous and piecewise
smooth map which is extended to a proper continuous and piecewise smooth map
Z : C −→ E. Then the bounding volume Volbd(ζ) of ζ is defined by
Volbd(ζ) =
∫
C
Z∗(ΩE),
where ΩE is the volume form on E. It is a standard fact in homology theory
that Volbd(ζ) is independent of the choice of the proper extension Z. Consider the
case of C = Σ × [0, 1] and that f0 = ζ|Σ×{0}, f1 = ζ|Σ×{1} are proper homotopy
equivalences. Here Σ means that it has the orientation opposite to that on Σ. Then
we set Volbd(ζ) = Volbd(f0, f1). From the definition, Vol
bd(f1, f0) = −Volbd(f0, f1)
holds.
Lemma 1.5. Let P be a 3-ball or a solid torus and let ζ : ∂P −→ E and Z :
P −→ E be continuous maps satisfying the conditions as above. Then |Volbd(ζ)| ≤
Area(∂P ), where Area(∂P ) is the (absolute) area of ∂P with respect to the metric
on ∂P induced from that on E via ζ.
Proof. First we consider the case that P is a 3-ball. Then Z : P −→ E has a lift
Z˜ : P −→ H3. We identify P with the unit ball D3 = {x ∈ R3 ; ‖x‖ ≤ 1} by an
orientation-preserving diffeomorphism. Fix a point v0 ∈ H3. Let X˜ : D3 −→ H3 be
the map extending ζ˜ = Z˜|∂P such that, for any x ∈ ∂D3, X˜|[0,x] is the affine map
onto the geodesic segment in H3 connecting v0 with Z(x), where [0, x] is the radius
in D3 connecting the origin 0 with x. Then we have
Volbd(ζ) =
∫
P
Z∗(ΩE) =
∫
P
Z˜∗(ΩH3) =
∫
D3
X˜∗(ΩH3).
For any straight 2-simplex ∆ in H3, let v0 ∗∆ be the 3-simplex in H3 obtained by
suspending ∆ with v0. Then it is well known that Vol(v0 ∗ ∆) ≤ Area(∆). This
shows that |Volbd(ζ)| ≤ Area(∂P ).
Next we consider the case that P is a solid torus. Let D be a meridian disk of
P . Consider the cyclic n-fold covering pn : Pn −→ P . Cutting open Pn along a lift
Dn of D, we get a 3-ball Cn. By the former result on 3-balls,
|Vol(Pn)| = |Vol(Cn)| ≤ Area(∂Cn) = Area(∂Pn) + 2Area(Dn).
Since |Vol(Pn)| = n|Vol(P )|, Area(∂Pn) = nArea(∂P ) and Area(Dn) = Area(D),
it follows that
|Volbd(ζ)| = 1
n
|Vol(Pn)| ≤ 1
n
(Area(∂Pn) + 2Area(Dn))
= Area(∂P ) +
2
n
Area(D).
Our desired inequality is obtained by letting n→∞. 
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1.4. Bounded geometry. For metric spaces (X, dX) and (Y, dY ), we say that a
homeomorphism h : X −→ Y is K-bi-Lipschitz for K ≥ 1 if
1
K
dX(x0, x1) ≤ dY (h(x0), h(x1)) ≤ KdX(x0, x1)
for any x0, x1 ∈ X. Here we consider the case that Xn (n ∈ N) and Y0 are
complete Riemannian manifolds of the same dimension with the base points xn
and y0 respectively. A sequence {(Xn, xn)} is said to converge geometrically to a
(Y0, y0) if there exist sequences {Rn}, {Kn} with Rn ↗ ∞ and Kn ↘ 1 and a
Kn-bi-Lipschitz map hn : BRn(xn, Xn) −→ BRn(y0, Y ) for each n ∈ N.
We will apply a standard argument of bounded geometry together with the
theory of geometric convergence. As a typical example, consider the geometric con-
vergence of pleated maps fn : Σ(σn) −→ Mn. Take a base point yn of Σ(σn) in a
component Fn of Σ(σn)thick. Then fn(yn) is contained in the thick part Mn,thick(µ)
for some Margulis constant µ less than µ0. Otherwise, since the diameter of the
component Fn is uniformly bounded, fn(Fn) would be contained in the compo-
nent V of Ethin(µ) for some n. Then the non-abelian group fn∗(pi1(Fn)) would
be a subgroup of the abelian group pi1(V ), a contradiction. Thus {(Mn, fn(yn))}
has a subsequence converging geometrically to a hyperbolic 3-manifold (M∞, y∞),
see [Th1, Corollary 9.1.7]. By the Ascoli-Arzela` Theorem, we may assume that
fn|Fn : Fn −→ Mn converges to a sub-pleated map f∞|F∞ : F∞ −→ M∞ up to
marking. This suggests that we only consider the situation of f∞|F∞ to study
common geometric properties on fn|Fn (n = 1, 2, . . . ). A similar argument works
for a sequence of proper least area maps to thick parts of hyperbolic 3-manifolds.
However, we should remind that one can not apply such an argument to obtain
common geometric properties on thin parts.
1.5. Combined pleated maps and normalized maps. Let g : Σ −→ E be a
pleated map satisfying the conditions (Y1) and (Y2) in Subsection 1.2. Then, for
a component F of F (g), we say that the sub-pleated map g|F is non-scrolled if g|F
is properly homotopic in Ethick to an embedding. A proper homotopy equivalence
f : Σ −→ E is called a combined pleated map if f |F is a non-scrolled sub-pleated map
for each component F of F (f) = f−1(Ethick) and and f |Y is either a ruled annulus or
a totally geodesic once-punctured disk for each component Y of Y (f) = f−1(Ethin).
Note that, for two components F1, F2 of F (f), f |F1 and f |F2 are not necessarily
assumed to be restrictions of the same pleated map.
Now we define a proper homotopy equivalence embedding associated with a
combined pleated map f : Σ −→ E. For any component F of F (f), consider an
embedding hF : F −→ Ethick satisfying one of the following two conditions.
• Suppose that F ∩ Etube 6= ∅. By modifying slightly the hyperbolic metric on
Ethick in a small collar neighborhood of ∂Ethick in Ethick, we have a new metric
such that ∂Ethick is locally convex in Ethick. By Freedman-Hass-Scott [FHS],
f |F is properly homotopic in Ethick to a least area embedding hF . Then we
say that hF is a least area map of type I. The least area property implies that
hF1(F1) ∩ hF2(F2) is empty for any distinct components Fi (i = 1, 2) of F (f)
with Fi ∩ Etube 6= ∅.
• F ∩ Etube is possibly empty or non-empty. Modify the metric on Ethick the
1-neighborhood N1(f(F ), Ethick) of f(F ) in Ethick such that the boundary
∂N1(f(F )) is locally convex in N1(f(F )). Again by Freedman-Hass-Scott
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[FHS], there exists an embedding hF : F −→ N1(f(F )) which has least area
among all piecewise smooth maps h′F : F −→ N1(f(F )) properly homotopic to
f |F in Ethick. Then we say that hF is a least area map of type II.
Definition 1.6 (Normalized maps). An embedding f̂ : Σ −→ E is called a normal-
ized map associated with the combined pleated map f if the following two conditions
hold.
• For any component F of F (f), f̂ |F is a least area map either of type I or II.
• For any component Y of Y (f), f̂I(Y ) is either a least area annulus or a totally
geodesic once-punctured disk embedded in Ethin.
If f̂ |F is a least area map of type I for all components F of F (f), then we say that
f̂ is a normalized map of type I.
Lemma 1.7. Let f̂ : Σ(σ̂) −→ E be a normalized map. Then the following (1)–(3)
hold.
(1) There exists a uniform constant a0 > 0 with Area σ̂(Σ) ≤ a0.
(2) There exists a uniform constant d0 > 0 with diam σ̂(F ) ≤ d0 for any component
F of F (f̂).
(3) For any d > 0, there exists a uniform constant v0(d) > 0 with Vol(Nd(f̂(Σ))) <
v0.
Proof. (1) For any component F of F (f̂), Area σ̂(F ) ≤ Areaσf (F ) ≤ −2piχ(Σ).
Since F ⊂ Σ(σ̂)thick, a standard argument of bounded geometry on least area maps
shows that there exists a uniform constant l̂ > 0 with length σ̂(b) ≤ l̂ for any
component b of ∂F (f̂). It follows that Area σ̂(A) ≤ 2l̂ for any component A of
A(f̂). From these facts, we have our desired uniform constant a0 > 0.
(2) The assertion (2) is shown immediately from the assertion (1) together with
length σ̂(b) ≤ l̂ for any component of ∂F .
(3) Again by an argument of bounded geometry, we know that Vol(Nd(F )) is less
than a uniform constant v′0(d) > 0 for any component F of F (f̂). Since Area σ̂(A) ≤
a0 for any component A of A(f̂), one can have a uniform constant v
′′
0 (d) > 0 with
Vol(Nd(A)) < v′′0 by using an argument similar to that in [Th1, Proposition 8.12.1],
where the pi1-injectivity of f̂ |A in Ethin is crucial. By these facts, one can have a
uniform constant v0 satisfying the condition (3). 
2. Decomposition of neighborhoods of simply degenerate ends by
normalized maps
Let E be a simply degenerate end of M and E the neighborhood of E with
respect to a finite core of M . In this section, we consider a decomposition of E
by normalized maps in E tending toward the end E . For any proper homotopy
equivalence f : Σ −→ E, the closure of the component of E \ f(Σ) adjacent to E
is denoted by E+(f). Let f0, f1 : Σ −→ E be two proper embeddings which are
homotopy equivalences with f0(Σ) 6= f1(Σ) (possibly f0(Σ) ∩ f1(Σ) 6= ∅). Then
f0 < f1 means that E
+(f0) ⊃ f1(Σ). A sequence {fn} of homotopy equivalence
embeddings in E is said to be monotone increasing if fn < fn+1 for any n.
Let f : Σ −→ E be a combined pleated map. A component F of F (f) is maximal
if any non-contractible simple loop l in F such that f(l) is homotopic in Ethick to
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a loop in ∂Etube is homotopic in F to a component of ∂F . A combined pleated
map is maximal if f |F is maximal for any component F of F (f). Fix a maximal
combined pleated map f0 : Σ −→ E. Let W (f0) be the union of components of
Etube meeting f0(F (f0)) non-trivially. Suppose that E
+(f0)∩ (Etube \W (f0)) 6= ∅.
Let V1, . . . , Vk be the components of Etube \W (f0) contained in E+(f0) and nearest
to f0(Σ). That is, for i = 1, . . . , k, there exists a non-contractible simple loop li in
Σ such that f0(li) is freely homotopic in Ethick∪W (f0) to a loop in ∂Vi. Since Etube
is unknotted and unlinked in E by Otal [Ot], l1, . . . , lk are taken to be mutually
disjoint in Σ. From the maximality of f0, any li is not homotopic in Σ to any loop
in F (f0) or A(f0), where A(f0) is the union of annulus components of Y (f0). Let
G(f0, li) be the union of components of F (f0) or A(f0) intersecting li homotopically
essentially and P (f0, li) the union of components of A(f0) meeting ∂G(f0, li) non-
trivially. We say that G(f0, li) is minimal if there are no loop lj with j ∈ {1, . . . , k}
and G(f0, lj) ( G(f0, li). By renumbering li’s, we may assume that G(f0, l1) is
minimal and G(f0, l1) contains li if and only if i = 1, . . . , k0 for some k0 ≤ k. From
the minimality of G(f0, l1), G(f0, l1) = G(f0, li) for i = 2, . . . , k0. Then there exists
a maximal combined pleated map f1 : Σ −→ E such that f1|Σ\G(f0,l1)∪P (f0,l1) =
f0|Σ\G(f0,l1)∪P (f0,l1) and W (f1) = W ′(f0, l1) ∪ V1 ∪ · · · ∪ Vk0 , where W ′(f0, l1) is
the union of components of W (f0) meeting f0(A(f0) \ G(f0, l1)) non-trivially, see
Figure 2.1. If E+(f1) ∩ (Etube \W (f1)) 6= ∅, one can define a maximal combined
Figure 2.1. The case of k0 = 2 and G(f0, l1) = G(f0, l2).
W (f0) = W1 ∪ · · · ∪W5. W ′(f0, l1) = W1 ∪W4 ∪W5.
pleated map f2 from f1 similarly. Repeating this process as much as possible, we
have a sequence {fm̂}m̂+m̂=1 (possibly m̂+ =∞) of maximal combined pleated maps
in E+(f0).
Let f̂m̂ be a normalized map of type I derived from fm̂ such that f̂m̂|F1 = f̂n̂|F2
if fm̂|F1 = fn̂|F2 for components F1 of F (fm̂) and F2 of F (fn̂). By [FHS], f̂m̂(F1)∩
f̂n̂(F2) = ∅ if fm̂|F1 6= fn̂|F2 . From our construction of a sequence {fm̂}m̂+m̂=1, the
normalized sequence {f̂m̂}m̂+m̂=1 is monotone increasing. Set
(2.1) F̂ =
m̂+⋃
m̂=1
f̂m̂(Σ) ∩ Ethick.
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Let R be the closure of a component of Ethick \ F̂ , and let ∂1R = ∂R ∩ Ethin
and ∂0R = ∂R \ ∂1R. If any neighborhood of the end E of E intersects Etube
non-trivially, then ∂0R is contained in f̂m¯(Σ) ∪ f̂m¯+1(Σ) for some m̂. See Figure
2.2. If R is compact, then R contains a properly embedded compact surface H,
called a vertical core of R, with ∂H ⊂ ∂1R which admits a homeomorphism h :
H × [−1, 1] −→ R with h(H × {0}) = H and h(H × {−1, 1}) ⊃ ∂0R. If E has a
neighborhood disjoint from Etube, then there exists a unique component of Ethick\F̂
the closure R∞ of which is not compact. Then R∞ is homeomorphic to Σmain ×
[0,∞).
Let H ′ be a compact connected subsurface of H such that each component
of ∂H ′ is non-contractible in H, and let η : H ′ −→ R be an embedding with
η(∂H ′) ⊂ W (f̂m̂) ∪W (f̂m̂+1) and such that η(H ′) is isotopic in R to h(H ′ × {0})
by a (possibly non-proper) isotopy. Then we have the following:
Claim 2.1. At least one of η(∂H ′)∩∂(W (f̂m̂)\W (f̂m̂+1)) and η(∂H ′)∩∂(W (f̂m̂+1)\
W (f̂m̂)) is empty.
Otherwise, ∂H ′ would contain components l′0, l
′
1 with η(l
′
0) ⊂ ∂(W (f̂m̂)\W (f̂m̂+1))
and η(l′1) ⊂ ∂(W (f̂m̂+1) \ W (f̂m̂)). Then G(f̂m̂+1, l1) is contained in F (f̂m̂) \
IntA(l0), where li (i = 0, 1) is a simple loop in F (f̂m̂) such that f̂m̂+i(li) is ho-
motopic to η(l′i) in W (f̂m̂+i) and A(l0) is the component of A(f̂m̂) containing l0
homotopically. This contradicts the minimality of G(f̂m̂, l0).
Suppose that R has a point x with distR(x, ∂0R) > d1 + 3, where d1 is a uniform
constant with diam(F ) ≤ d1 for any hyperbolic structure σ on Σ and any component
F of Σ(σ)thick. From the ubiquity of pleated maps, there exists a sub-pleated map
q : F ′ −→ Ethick meeting the 1-neighborhood of x in R, see for example the proofs
of Proposition 9.5.12 and Theorem 9.5.13 in [Th1]. Since distEthick(q(F
′), ∂0R) > 2,
this implies that q(F ′) is contained in R and F ′ is a subsurface of F . By Claim
2.1, there exists a normalized map f̂ : Σ −→ E with f̂m̂ < f̂ < f̂m̂+1, f̂(F ′) ⊂
N1(q(F ′)) ∩ Ethick and such that f̂(F (f̂) \ F ′) is contained in either f̂m̂(Σ) or
f̂m̂+1(Σ). Figure 2.2 illustrates the case of f̂(F (f̂) \ F ′) ⊂ f̂m̂(Σ).
Repeating the same argument for all such R and the closures of components of
R \ f̂(F ), we have a monotone increasing sequence {f̂n}∞n=0 of normalized maps
containing the original {f̂m̂}m̂+m̂=1 as a subsequence and tending toward the end E of
E as n→∞. The union Ĝ = ⋃∞n=0 f̂n(Σ) ∩Ethick contains F̂ . For any normalized
maps ĝ0, ĝ1 : Σ −→ E with ĝ0 < ĝ1, we write E(ĝ0, ĝ1) = E+(ĝ0) \ IntE+(ĝ1).
Moreover, set Nn = E(f̂n, f̂n+1) and Nn,thick = Nn ∩Ethick. Let Rn be the closure
of IntNn,thick. The boundary ∂Rn consists of ∂1Rn = ∂Rn ∩ Ethin and ∂0Rn =
∂Rn \ ∂1Rn. Note that ∂0Rn is contained in f̂n(Σ) ∪ f̂n+1(Σ). We say that Rn is
the main part of Nn, see Figure 2.3. Then the following (R1) and (R2) hold.
(R1) For any point x of Rn, distRn(x, ∂0Rn) ≤ d0 + 3.
(R2) If at least one of ∂−0 Rn = ∂0Rn ∩ f̂n(Σ) and ∂+0 Rn = ∂0Rn ∩ f̂n+1(Σ) is
disjoint from the union F̂ defined as (2.1), then distRn(∂−0 Rn, ∂+0 Rn) ≥ 1.
Summarizing the arguments as above, we have the following lemma.
Lemma 2.2. For any n ∈ N ∪ {0}, there exist constants satisfying the following
conditions:
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Figure 2.2. The union of blue segments and blue curves repre-
sents ∂1R. The union of vertical segments labelled with ‘+’ or ‘−’
is ∂0R.
Figure 2.3.
(1) a uniform constant d2 > 0 with diam(Rn) < d2,
(2) a uniform constant V1 > 0 with Vol(Nn) < V1,
(3) a constant r0 > 0 independent of n ∈ N∪{0} such that Rn contains an embedded
hyperbolic 3-ball Bn of radius r0.
If yn is the center of Bn, then Bn = Br0(yn) ⊂ Rn ⊂ Nn. We regard that yn is
the base point of Rn and of Nn, see Figure 2.3.
Proof. (1) The assertion is obtained immediately from Lemma 1.7 (2) and (R1).
(2) By (1), Vol(Rn) = Vol(Nn,thick) is uniformly bounded. The intersection Nn ∩
Etube consists of at most −3χ(Σ)/2 solid tori V . The boundary ∂V contains f̂n(An)
and f̂n+1(An+1) for some components Ai of A(f̂i) for i = n, n + 1. Moreover,
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∂V \ Intf̂n(An)∪ Intfn+1(An+1) consists of two annuli (possibly degenerated) each
of which has uniformly bounded diameter by (R1). It follows from this fact together
with Lemma 1.7 (1) that Area(∂V ) is uniformly bounded. By Lemma 1.5, we have
Vol(V ) ≤ Area(∂V )/2. Again by using (R1), one can show that the volume of any
component of Nn ∩ Ecusp is uniformly bounded. This shows (2).
(3) If at least one component of ∂0Rn is disjoint from F̂ , then the assertion follows
from (R2). Otherwise, ∂0R is contained in F̂ and hence all components of ∂0R are
least area surfaces in Ethick which are not properly homotopic to each other. Such
surfaces are not accumulate in Ethick. Thus the existence of r0 > 0 as above is
proved by an argument using a standard argument of bounded geometry. 
3. Bounded cohomology and smearing chains on 3-manifolds
We denote by ∆n a regular n-simplex of edge length 1 in the Euclidean n-space.
Let C∗(X) be the dual space of the singular chain-complex C∗(X) of a topological
space X with real coefficient. Consider the subspace C∗b (X) of C
∗(X) consisting of
bounded cochains, that is, c ∈ Cnb (X) means that
‖c‖ = sup{|c(σ)|; σ : ∆n −→ X is a singular n-simplex} <∞.
Since the coboundary operator δn : Cn(X) −→ Cn+1(X) satisfies δn(Cnb (X)) ⊂
Cn+1b (X), the bounded cochain complex (C
∗
b (X), δ
∗
b ) with δ
∗
b = δ
∗|C∗b (X) defines
the bounded cohomology
Hnb (X, R) = Znb (X)/Bnb (X)
with the pseudo-norm
‖α‖ = inf{‖c‖; c is an element of Znb (X) with [c] = α}
for α ∈ Hnb (X, R), where Znb (X) = (δnb )−1(0) and Bnb (X) = δn−1b (Cn−1b (X)).
Suppose that M = H3/Γ is a hyperbolic 3-manifold. Then the quotient map
p : H3 −→ M is a locally isometric universal covering. A singular k-simplex σ :
∆k −→M is called straight if its lift σ˜ : ∆k −→ H3 to H3 is straight, that is, σ˜ is the
affine map with respect to the Euclidean structure on ∆3 and the quadratic model
on H3. For any singular k-simplex σ˜ : ∆k −→ H3, let straight(σ˜) : ∆k −→ H3 be
the straight map with straight(σ˜(vj)) = σ˜(vj) for all vertices vj (j = 0, 1, . . . , k)
of ∆k. We note that the image straight(σ˜)(∆k) is a (possibly degenerate) straight
k-simplex in H3. For a singular k-simplex σ : ∆k −→M , the map straightM (σ) =
p ◦ straight(σ˜) : ∆k −→ M is called the k-simplex obtained by straightening σ,
where σ˜ : ∆k −→ H3 is a lift of σ.
The oriented volume of a C1 singular 3-simplex σ : ∆3 −→M is defined by
Vol(σ) =
∫
∆3
σ∗(ΩM ),
where ΩM is the volume form on M . We say that σ is non-degenerate if Vol(σ) 6= 0,
and positive (resp. negative) if Vol(σ) > 0 (resp. Vol(σ) < 0).
Let ωM be the 3-cocycle on M defined by
(3.1) ωM (σ) = Vol(straightM (σ))
for any singular 3-simplex σ : ∆3 −→ M . Since |ωM (σ)| is less the volume v3
of a regular ideal 3-simplex in H3 for any singular 3-simplex σ : ∆3 −→ M , ωM
represents an element [ωM ] of H
3
b (M, R) with ‖[ωM ]‖ ≤ v3. We say that [ωM ] is
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the fundamental (bounded cohomology) class of M . If all ends of M is geometrically
finite, then [ωM ] = 0 in H
3
b (M,R), otherwise ‖[ωM ]‖ = v3, see [So3].
For any smooth manifold N , let C1(∆k, N) be the topological space of C1-maps
∆k −→ N with C1-topology. We denote by Ck(N) the R-vector space consisting
of Borel measures µ on C1(∆k, N) with the bounded total variation ‖µ‖ < ∞.
An element of Ck(N) is called a k-chain. The boundary operator ∂k : Ck(N) −→
Ck−1(N) is defined naturally. Thus we have the chain group (C∗(N), ∂∗).
Now we consider the case of N = M . Take the base point x0 of H3 and y0 = p(x0)
is the base point of M . Let µHaar be a left-right invariant Haar measure on PSL2(C),
which is normalized so that, for any bounded Borel subset U of H3,
(3.2) µHaar({α ∈ PSL2(C); αx0 ∈ U}) = Vol(U).
From the invariance of µHaar, we know that the quotient map q : PSL2(C) −→
P (M) = Γ\PSL2(C) induces the measure µ̂Haar on the quotient space P (M). That
is, µ̂Haar(q(A)) is equal to µHaar(A) for any measurable subset A of PSL2(C) with
A ∩ γA = ∅ if γ ∈ Γ \ {1}. For any point x ∈ H3 and a ∈ P (M), a • x denotes
the point of M defined by p(αx) for an α ∈ PSL2(C) with q(α) = a. Note the the
point does not depend on the choice of α ∈ q−1(a). Thus the map
• : P (M)×H3 −→M
is well-defined. For any singular 3-simplex σ : ∆3 −→ H3 and a ∈ P (M), the
singular 3-simplex a •σ : ∆3 −→M is defined by p ◦ (ασ) for an α ∈ PSL2(C) with
q(α) = a.
Let σ : ∆3 −→ H3 be a non-degenerate straight 3-simplex. Suppose that
smearM (σ) is the Borel measure on C
1(∆3,M) introduced in [Th1, Section 6.1],
which satisfies the following conditions.
• The support supp(smearM (σ)) is {a • σ; a ∈ P (M)}.
• For any closed non-empty subset X of P (M),
(3.3) smearM (σ)({a • σ; a ∈ X}) = µ̂Haar(X ).
We denote the inner center of the straight 3-simplex σ(∆3) in H3 by o(σ). For
any non-empty almost compact subset X of M , the restriction of smearM (σ) to
{a • σ; a ∈ P (M) with a • o(σ) ∈ X} is denoted by smearX(σ). By (3.2) and (3.3),
its total variation is
(3.4) ‖smearX(σ)‖ = Vol(X).
In particular, smearX(σ) is an element of C3(M). Set σ− = ρ◦σ for an orientation-
reversing isometry ρ on H3 with ρ(o(σ)) = o(σ). Consider the element zX(σ) of
C3(M) defined by
(3.5) zX(σ) =
1
2
(smearX(σ)− smearX(σ−)).
Then, by (3.3) and (3.4), we have ‖zX(σ)‖ = Vol(X) and
zX(σ)({a • σ; a ∈ P (M) with a • o(σ) ∈ X}) = 1
2
Vol(X).
Lemma 3.1. For any almost compact subset X of M ,
supp(∂3zX(σ)) ⊂
{
τ |D; τ ∈ supp(zN2(∂X,M))(σ) and D ∈ (∆3)(2)
}
,
where ∂X = X \ IntX and (∆3)(2) is the set of 2-faces of ∆3. In particular,
‖∂3zX(σ)‖ ≤ 4Vol(N2(∂X,M)).
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Proof. The volume of any straight 3-simplex ∆ in H3 is less than the volume =
1.014916 . . . of a regular ideal 3-simplex in H3. On the other hand, since the
volume of a 3-ball in H3 of radius one is pi(sinh 2−2) = 5.11093 . . . , the radius of the
inscribed ball in ∆ is less than one. LetD be any element of the 2-skeleton (∆3)(2) of
∆3. For any a•σ with a•o(σ) ∈ X, there exists b ∈ P (M) with b•o(σ−) ∈ N2(X,M)
and such that a • σ|D = b • σ−|D. Similarly, we have a • σ−|D = b • σ|D. Moreover,
if a • o(σ) ∈ X \ N2(∂X,M), then b • o(σ−) is an element of X. This shows our
desired inclusion relation as above. Since ‖zN2(∂X,M)(σ)‖ = Vol(N2(∂X)) and ∆3
has four 2-faces, ‖∂3zX(σ)‖ ≤ 4Vol(N2(∂X,M)) holds. 
Since the image τ(∆3) of any element τ = a • σ ∈ supp{zX(σ)} has ‘long tails’,
τ(∆3) is not necessarily contained in X even if a • o(σ) is an element of IntX with
dist(a • o(σ), ∂X) large. So we sometimes need to treat the body (inner part) and
tails (outer part) of τ(∆3) separately as in the next section.
Remark 3.2. Let X be a topological space and Csing∗ (X) the singular chain group
of X with real coefficients. The Gromov norm of an element c =
∑n
i=1 riσi of
Csingq (X) is given by ‖c‖ =
∑n
i=1 |ri|. Let Cl1∗ (X) be the norm completion of
C∗(X). Thus Cl1∗ (X) is a Banach space consisting of elements c =
∑∞
i=1 riσi with
‖c‖ = ∑∞i=1 |ri| <∞. If an element c of Cl1(M) is a linear combination∑∞i=1 riσi of
straight 3-simplices σi : ∆
3 −→M , then c is identified with the element ∑∞i=1 riδσi
of C3(M), where δσi is the Dirac measure on C1(∆3,M) at σi. Then the Gromov
norm
∑∞
i=1 |ri| of c is equal to the total variation of
∑∞
i=1 riδσi . There exists a
sequence {cn} of locally finite elements in Cl1∗ (X) with cn =
∑∞
i=1 riσ
n
i consisting
of straight 3-simplices σni with
|Vol(σni )−Vol(σ)| <
1
n
and such that {cn} weakly converges to zX(σ) and {∂3cn} weakly converges to
∂3zX(σ). For example see the map A∗ in [So1, Section 3]. In our arguments below,
we may use the usual locally finite singular 3-chain cn in C
l1(X) with sufficiently
large n instead of zX(σ) if necessary.
4. Connection of smearing 3-chains and normalized maps
First we define a subdivision of hyperbolic straight simplices. Let ∆ be any
straight 3-simplex in H3 with real vertices v0, v1, v2, v3 and Vol(∆) > 1. Consider
the inscribed sphere S(∆) of ∆ and Si (i = 0, 1, 2, 3) the round sphere in H3
centered at vi and tangent to S(∆). Each Si intersects three edges of ∆. Let Ti be
the totally geodesic triangle in ∆ with the three intersection points as its vertices.
We denote by ∆i,out the closure of the component of ∆ \ T0 ∪ · · · ∪ T3 containing
vi and by ∆inn the closure of ∆ \ ∆out, where ∆out = ∆0,out ∪ · · · ∪ ∆3,out. We
say that ∆inn and ∆out are the inner and outer part of ∆, respectively. Since
v3 − Vol(∆) < 0.015, ∆inn is uniformly and sufficiently close to the inner part of
a regular ideal 3-simplex. For any small positive number ξ, say ξ < 1/100, there
exists a simplicial triangulation τ(∆, ξ) of ∆ satisfying the following conditions,
where τ(∆, ξ)(i) denotes the subset of τ(∆, ξ) consisting of i-simplices.
• Each element of τ(∆, ξ)(3) is a straight simplex.
• For any e ∈ τ(∆, ξ)(1)inn, δ(ξ) ≤ length∆(e) ≤ ξ, where δ(ξ) is a uniform constant
with 0 < δ(ξ) < ξ.
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• Each Ti is the underlying space of a subcomplex of τ(∆, ξ)(2). Each edge αij
of Ti is evenly divided by τ(∆, ξ)
(0)|αi,j .
• For each edge βjk of ∆ connecting vj with vk, βjk ∩∆inn is evenly divided by
τ(∆, ξ)(0)|βjk∩∆inn .
• ∆ \ ({v0, . . . , v3} ∪ T1 ∪ · · · ∪ T4) contains no elements of τ(∆, ξ)(0).
Consider a simplicial triangulation τ(∆∞, ξ) on a regular ideal 3-simplex ∆∞ in
H3 satisfying the five conditions as above, where the ideal simplices of ∆∞ are
regarded as vertices. Then the triangulation τ(∆, ξ) on ∆inn is define by using a
κ-bi-Lipschitz map ∆∞,inn −→ ∆inn with κ close to one. See Figure 4.1. We set
Figure 4.1. The restriction of τ(∆, ξ) to 2-face ∆2i of ∆ in the
Klein model. The inner hexagonal part is ∆2i,inn.
τ(∆, ξ)inn = τ(∆, ξ)|∆inn and τ(∆, ξ)out = τ(∆, ξ)|∆out .
Suppose that σ′ ∈ supp(smearM (σ)) and σ′− ∈ supp(smearM (σ−)) are 3-simplices
with σ′|∆2i = σ′−|∆2i for some 2-face ∆2i of ∆. Then, for any elementD of τ(∆, ξ)(2)|∆2i ,
we have
(4.1) σ′|D − σ′−|D = 0.
For an r > 0, consider a disjoint union H of λ1 unionsq · · · unionsq λm of mutually disjoint
simple closed geodesics λi in a hyperbolic surface Σ(σ) satisfying the following
conditions.
• For each component λi, lengthσ(λi) < r.
• H contains the geodesic cores of all components of Σtube(σ).
• The Euler characteristic of each component of Σ(σ) \ H is −1. In other words,
H is a maximal disjoint union of simple closed geodesics in Σ(σ).
We say that H is an r-hoop family of Σ(σ). If our Margulis constant µ0 > 0 is
sufficiently small, then the length of any simple closed geodesic in Σ(σ) passing
through Σtube(σ) is greater than r. So the second condition always holds. One can
fix a constant r > 0 depending only on the topological type of Σ such that Σ(σ)
admits an r-hoop family H = λ1 unionsq · · · unionsq λm. Then we say that H is just a hoop
family of Σ(σ).
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Let M be a hyperbolic 3-manifold satisfying the assumptions in Subsection 1.1.
Suppose that E is a simply degenerate end of M and E is the neighborhood of E
with respect to a finite core C. Since M has only finitely many parabolic cusps,
one can choose the finite core C so that, for any pleated map f : Σ(σf ) −→ E
in E and any hoop family λ1 unionsq · · · unionsq λm of Σ(σf ), f(λi) (i = 1, . . . ,m) does not
correspond to any parabolic cusps of M . From now on, we denote a hoop family of
Σ(σf ) by H(f). We say that f is hoop-realizing if f realizes a hoop family H(f).
This means that any component λi of H(f) is not only a geodesic loop in Σ but
also the image f(λi) is a geodesic loop in E. Let fj : Σ −→ E (j = 0, 1) be pleated
maps satisfying the following conditions.
(F1) fj is hoop-realizing and non-scrolled in the sense of Subsection 1.5.
(F2) N4(f0(Σ)) ∩ N4(f1(Σ)) = ∅, and f1(Σ) is contained in the component of
E \ f0(Σ) adjacent to E .
Let f̂i : Σ −→ E be a normalized map contained in a small neighborhood of fi(Σ)
in E, see Definition 1.6. Recall that X̂ = E(f̂0, f̂1) is the closure of the component
of E \ f̂0(Σ) ∪ f̂1(Σ) lying between f̂0(Σ) and f̂1(Σ). For i = 0, 1, let L4,i be the
closure of the component of N2(fi(Σ)) \ fi(Σ) contained in X̂ and let Ŷ be the
closure of X̂ \ (L4,0 unionsq L4,1). See Figure 4.2
Figure 4.2. The shaded region represents L4,0 unionsq L4,1.
By Lemma 1.7 (2), one can define an (ideal) triangulation τi (i = 0, 1) on Σ
satisfying the following conditions, where Σ is supposed to have the piecewise Rie-
mannian metric induced from that on E via f̂i.
(T1) Each element v of τ
(0)
i is either a point of H(f̂i) or an ideal point of Σ. See
Figure 4.3.
(T2)
⋃
τ
(1)
i contains H(f̂i).
(T3) For any component l of H(f̂i), l ∩
⋃
τ
(1)
i consists of just two points.
(T4) The cardinality of τi is uniformly bounded.
(T5) There exists a uniform constant d3 > 0 such that the d3-neighborhood of any
point x of F (f̂i) = f̂
−1
i (Ethick) contained in star(v) for some v ∈ τ (0)i , where
star(v) is the union
⋃
α IntDα for all elements Dα of τi with v as a common
vertex.
Let H(f̂i) ∩ f̂−1i (Etube) = H(f̂i)tube. We consider the closed curves
(4.2) Ĥi = f̂i(H(f̂i)) and Ĥi,tube = f̂i(H(f̂i)tube)
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Figure 4.3. The shaded region represents Y (f̂i) = f̂
−1
i (Ethin).
in E. A singular 2-simplex σ : ∆2 −→ f̂i(Σ) is called a 2-simplex with respect to
f̂i(τi) mod Ĥi,tube if, for any edge e of ∆2, either σ(e) is an element of f̂i(τ (0)i ∪τ (1)i )
(possibly an ideal vertex) or the restriction σ|e is an immersion into Ĥi connect-
ing two points of f̂i(τ
(0)
i ). Then σ|e is called a 1-simplex with respect to f̂i(τi)
mod Ĥi,tube. Note that f̂i(Σ) is not necessarily a closed surface. So any simplicial
2-cycle on f̂i(Σ) with respect to f̂i(τi) mod Ĥi,tube is supposed to represent a class
of the locally finite homology group H l.f.2 (f̂i(Σ),R).
Lemma 4.1. There exists a uniform integer L0 > 0 satisfying the following con-
dition. Let ĉ = ê1 + ê2 + · · · + ên be any contractible 1-cycle on f̂i(Σ) such that
each êj is a 1-simplex with respect to f̂i(τi) mod Ĥi,tube. Then ĉ bounds a simpli-
cial 2-chain ŵ of disk type on f̂i(Σ) with respect to f̂i(τi) mod Ĥi,tube such that
‖ŵ‖ ≤ L0‖ĉ‖.
Proof. Let D be an (abstract) 2-disk bounded by ĉ and let g : D −→ f̂i(Σ) be
a continuous map extending ĉ. If necessary deforming g by homotopy rel. ĉ, we
may assume that D has a simplicial decomposition τ̂ such that, for each element
∆ of τ̂ , the restriction g|∆ is a simplex on f̂i(Σ) with respect to f̂i(τi) mod Ĥi,tube.
Then D is divided to sub-disks D1, . . . , Dk0 , D
′
1, . . . , D
′
l0
with k0, l0 ≤ ‖ĉ‖ = n and
satisfying the following conditions.
• For each k = 1, . . . , k0, IntDk is a component of IntD \ g−1(Ĥi).
• For each l = 1, . . . , l0, D′l is the closure of a component of D \D1 ∪ · · · ∪Dk0 .
In the degenerate case, D′l is an arc connecting two vertices of ĉ.
See Figure 4.4. We may assume that, if b′ = Dk∩D′l is an arc connecting two vertices
of ĉ, then g|b′ is an immersion. It is possible unless g(b′) is a single point. Otherwise,
one can divide ĉ into two contractible 1-cycles ĉ1 and ĉ2 with ‖ĉ1‖+ ‖ĉ2‖ = ‖ĉ‖ by
pinching ĉ along g|b′ , which reduces the proof to the case of contractible 1-cycles
with smaller Gromov norm.
Let D = D1 ∪ · · · ∪Dk0 and D′ = D′1 ∪ · · · ∪D′l0 . Suppose that Dk is a ‘polygon’
consisting of edges bk,1, . . . , bk,mk and arcs b
′
k,1, . . . , b
′
k,mk
such that g(Intbk,u) ⊂
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Figure 4.4. Simplicial decompositions ofD2 andD
′
3 withm2 = 7,
#(τ̂ (0)|∂D2) = 16 and #(τ̂ (0)|∂D′3) = 15. Each square dot p is a
point contained in an element e of τ̂ (1)|D′3 with p 6∈ τ̂ (0)|D′3 and
g(p) ∈ f̂i(τ (0)i )|Ĥi,tube .
f̂i(Σ) \ Ĥi and g(b′k,u) ⊂ Ĥi for u = 1, . . . ,mk. Note that b′k,u possibly consists of a
single point. Set B′k = b′k,1 ∪ · · · ∪ b′k,mk . Any element of τ̂ (1)|Dk not in B′k connects
distinct components of B′k. The number of such elements is at most 2mk − 3 up to
proper homotopy on (Dk, Ĥi ∩Dk). By the property (T3) on τi, the total number
of elements of τ̂ (1)|Dk not in B′k is at most 4(2mk − 3). Hence the total number
#(τ̂ (0)|∂D) of elements of τ̂ (0)|∂D is at most n+
∑k0
k=1 4(2mk − 3) < 9n and hence
#(τ̂ (0)|∂D′) < 10n. It follows that #(τ̂ (2)|D) < 9n and #(τ̂ (2)|D′) < 10n. Thus
L0 = 9 + 10 = 19 is our desired uniform integer. 
Now we prove the following connecting lemma.
Lemma 4.2. Suppose that, for any sufficiently small ε > 0, σ : ∆3 −→ H3 is a
straight 3-simplex with Vol(σ) > v3 − ε. There exists a 3-chain z on M satisfying
the following conditions.
(1) z = zX̂(σ) + ẑ, where ẑ is a 3-chain on M with ‖ẑ‖ ≤ b0 for some uniform
constant b0 > 0.
(2) For i = 0, 1, there exists a simplicial 2-cycle w(τi) on f̂i(Σ) with respect to
f̂i(τi) mod Ĥi,tube representing the fundamental class of f̂i(Σ) and satisfying
∂3z = Vol(σ)(w(τ1)− w(τ0)).
Proof. (1) The proof is done in the following five steps.
Step 1. From the construction of L4,i (i = 0, 1) and Ŷ , zX̂(σ) = zL4,0(σ) + zŶ (σ) +
zL4,1(σ) and hence ∂3zX̂(σ) = ∂3zL4,0(σ)+∂3zŶ (σ)+∂3zL4,1(σ). We set Fi = L4,i∩
Ŷ . Note that supp(∂3zL4,i(σ)) ⊂ N2(Fi)unionsqN2(f˜i(Σ)) and supp(∂3zŶ (σ)) ⊂ N2(F0)unionsq
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N2(F1). Since supp(∂3zX̂(σ)) ⊂ N2(f̂0(Σ))unionsqN2(f̂1(Σ)), we have ∂3zL4,i(σ)|N2(Fi) =
−∂3zŶ (σ)|N2(Fi). Consider the 3-chain zL4,i(σ, ξ0) obtained by replacing each sin-
gle 3-simplex σ′ of supp(zL4,i(σ)) with the sum
∑
D∈τ(σ,ξ0)(3) σ
′|D. By (4.1),
∂3zL4,i(σ, ξ0) is a subdivision of ∂3zL4,i(σ).
Step 2. We connect ∂3zL4,i(σ, ξ0) with ∂3zŶ (σ) by a 3-chain zFi supported in
N2(Fi). Since N2(Fi) ⊂ N6(f̂i(Σ)), we have a 3-chain zFi with
∂3zFi = ∂3zL4,i(σ, ξ0)|N2(Fi) − ∂3zŶ (σ)|N2(Fi)
and
‖zFi‖ ≤ 3‖∂3zL4,i(σ, ξ0)|N2(Fi)‖ ≤ 3n0(ξ0)‖∂3zN4,i(σ)|N2(Fi)‖
= 3n0(ξ0)Vol(N2(Fi)) ≤ 3n0(ξ0)Vol(N6(f̂i(Σ))) ≤ 3n0(ξ0)v0(6),
(4.3)
where v0(6) is the constant given in Lemma 1.7 (3) and ‘3’ means that the prism
∆2×[0, 1] is divided into three 3-simplices, for example see [So1, Figure 1]. Consider
the 3-chain
(4.4) z(ξ0) = −zL4,0(σ, ξ0)|L4,0 − zF0 + zŶ (σ) + zF1 + zL4,1(σ, ξ0)|L4,1 .
Here we note that supp(zL4,i(σ, ξ0)) consists of small 3-simplices σ
′′ with σ′′(∆3) ⊂
σ′(∆3) for some σ′ ∈ zX̂ the inner center o(σ′) of which is contained in L4,i. How-
ever, this does not necessarily mean that o(σ′′) ∈ L4,i. So usually zL4,0(σ, ξ0)|L4,0 is
strictly smaller than zL4,0(σ, ξ0). The equation (4.4) implies that z(ξ0) consists of
3-simplices whose inner centers are contained Nε(X̂) if ξ0 > 0 is taken sufficiently
small and hence
supp(∂3z(ξ0)) ⊂ Nε(f̂0(Σ)) unionsqNε(f̂1(Σ)).
By (4.3),
‖z(ξ0)− zŶ (σ)‖ = ‖zL4,0(σ, ξ0)|L4,0‖+ ‖zF0‖+ ‖zF1‖+ ‖zL4,1(σ, ξ0)|L4,1‖
≤ 2n0(ξ0)v0(2) + 6n0(ξ0)v0(6)
= 2n0(ξ0)(v0(2) + 3v0(6)).
(4.5)
Step 3. Let wi,inn, wi,out be the 2-sub-chains of ∂3z(σ, ξ0))|Nε(f˜i(Σ)) corresponding
to elements of τ(ξ0)
(2)
inn and τ(ξ0)
(2)
out respectively. Since ∂2∂3z(ξ0))|Nε(f˜i(Σ)) = 0,
∂2wi,inn = −∂2wi,out. Let pri : Nε(f˜i(Σ)) −→ f˜i(Σ) be the (1 + δ)-bi-Lipschitz
projection for some uniform constant δ(ε) > 0 with limε→0 δ(ε) = 0. Then there
exists a 3-chain zi,inn on Nε(f̂i(Σ)) with ∂3zi,inn = wi,inn − pri∗(wi,inn) + pi, where
pi is the product simplicial complex isomorphic to ∂2wi,inn× [0, 1] and with ∂2pi =
∂2wi,inn − ∂2(pri∗(wi,inn)). By Lemma 1.7 (3),
‖pi‖ ≤ 2‖∂2wi,inn‖ ≤ 6‖wi,inn‖ ≤ 6 · 4‖z(σ, ξ0)|Nε(f̂i(Σ))‖
≤ 24n0(ξ0)Vol(N2(f̂i(Σ))) ≤ 24n0(ξ0)v0(2),
(4.6)
where ‘2’ means that any rectangle is divided into two 2-simplices and ‘4’ means
that any 3-simplex has four 2-faces. We take ξ0 > 0 sufficiently small so that the
diameter of pri(σ) for any 2-simplex σ in wi,inn is less than the constant d3 given in
(T5). From the standard argument of simplicial approximation of homology theory
(for example see Spanier [Sp, Section 3.4]), we know that there exists a simplicial
2-chain ŵi,inn on f̂i(Σ) with respect to f̂i(τi) mod Ĥi,tube such that ∂3ẑi,inn =
wi,inn − ŵi,inn + p̂i, where p̂i is the product simplicial complex isomorphic to pi
VOLUME AND STRUCTURE OF HYPERBOLIC 3-MANIFOLDS 21
with ∂2p̂i = ∂2wi,inn − ∂2ŵi,inn. Recall that, for any 2-simplex σ in wi,inn, o(σ′)
is contained in Nε(f̂i(Σ)). Hence one can retake ξ0 > 0 so that σ′(∆2) is also
contained in Nε(f̂i(Σ)). It follows that
(4.7) ‖ẑi,inn‖ = 3‖wi,inn‖ ≤ 3n0(ξ0)v0(ε).
See Figure 4.5.
Figure 4.5. The gray region represents Nε(f̂1(Σ)). The white
dots represent ∂2w1,inn = −∂2w1,out and ∂2ŵ1,inn = −∂2ŵ1,out.
Step 4. If necessary replacing wi,out by a usual locally finite singular 2-chain as
in Remark 3.2, we may assume that ∂2wi,out consists of locally finite 1-cycles ciα.
Suppose that ciα is represented as e1 + · · · + en for e1, . . . , en ∈ W (1)i,out, where
Wi,out is the minimum simplicial complex containing the terms of wi,out. From
the construction of wi,out, there exist isosceles hyperbolic 2-simplices ∆1, . . . ,∆n ∈
W
(2)
1,out which have a common vertex v0 and satisfies ∂2δ(ciα) = ciα, where δ(ciα) is
the 2-chain ∆1 + · · · + ∆n. Then ∂2wi,inn = −∂2wi,out consists of locally finite 1-
cycles ciα contractible in E. Hence ∂2ŵi,inn also consists of locally finite 1-cycles ĉiα
contractible in f̂i(Σ). By Lemma 4.1, ĉiα bounds a simplicial 2-chain ŵ(ciα) of disk
type in f̂i(Σ) with respect to f̂i(τi) mod Ĥi,tube such that ‖ŵ(ciα)‖ ≤ L0‖ĉiα‖ ≤
L0‖ciα‖. Consider the 3-chain θ(ciα) obtained by suspending the 2-sphere cycle
δ(ciα) + p̂(ciα)− ŵ(ciα) with a vertex o(ciα). See Figure 4.5 again. Then we have
∂3θ(ciα) = δ(ciα) + p̂(ciα)− ŵ(ciα) and ‖θ(ciα)‖ ≤ (L0 + 3)‖ciα‖. Here ‘3 (= 2 + 1)’
means that ‖p̂(ciα)‖ ≤ 2‖ciα‖ and ‖δ(ciα)‖ ≤ ‖ciα‖. Let ŵi,out be the sum of all
ŵ(ci,α)’s. Then, as (4.6),
(4.8) ‖ŵi,out‖ ≤
∑
α
‖ŵ(ciα)‖ ≤ L0
∑
α
‖ci,α‖ ≤ L0‖wi,inn‖ ≤ 4L0n0(ξ0)v0(2).
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Thus ŵi = ŵi,inn + ŵi,out is a locally finite simplicial 2-cycle on f̂i(Σ) with respect
to Ŵi with ‖ŵi‖ ≤ 4(L0 + 1)n0(ξ0)v0(2). Let ẑi,out be the sum of all θ(ciα)’s. Then
(4.9) ‖ẑi,out‖ ≤
∑
α
(L0 + 3)‖ciα‖ ≤ 4(L0 + 3)n0(ξ0)v0(2).
We set ẑi = ẑi,inn + ẑi,out. By (4.7) and (4.9),
(4.10) ‖ẑi‖ ≤ 3n0v0(ε) + 4(L0 + 3)n0(ξ0)v0(2) ≤ 4(L0 + 4)n0(ξ0)v0(2).
Step 5. Let z be the 3-chain defined by z = ẑ1 + z(ξ0) − ẑ0. It follows from the
construction of z that
(4.11) ∂3z = ŵ1 − ŵ0.
Consider the 3-chain ẑ defined by ẑ = −zX̂(σ) + z = −zX̂(σ) + z1 + z(ξ0) − ẑ0.
Then, by (4.5) and (4.10),
‖ẑ‖ ≤ ‖zX̂\Ŷ (σ)‖+ ‖z1‖+ ‖z(ξ0)− zŶ (σ)‖+ ‖z0‖
≤ Vol(X̂ \ Ŷ ) + 8(L0 + 4)n0(ξ0)v0(2) + 2n0(ξ0)(v0(2) + 3v0(6))
≤ 2v0(2) + 4n0(ξ0)v0(2)(2L0 + 9) + 6n0(ξ0)v0(6) =: b0.
This shows (1).
(2) Note that
zM (σ) = (zX̂(σ) + ẑ) + (zM\IntX̂(σ)− ẑ) = z + (zM\IntX̂(σ)− ẑ).
By our construction of z in (1), ∂3z has the form v(w(τ1) − w(τ0)) for some v ∈
R. From the definition (3.5), zM (σ) represents the class Vol(σ)[M ] of the locally
finite homology group H l.f.3 (M,R). It follows that v = Vol(σ). This completes the
proof. 
5. Inefficiency of smearing 3-chains
Let ϕ : M −→M ′ be a homeomorphism between hyperbolic 3-manifolds satisfy-
ing the assumptions in Subsection 1.1 and ψ : M −→M ′ a continuous map properly
homotopic to ϕ. Suppose that p : H3 −→ M and p′ : H3 −→ M ′ are the universal
coverings. Take the base points y0 of M and y
′
0 of M
′ so that ψ(y0) = y′0 and points
x0, x
′
0 of H3 with p(x0) = y0 and p′(x′0) = y′0. Consider the lift ψ˜ : H3 −→ H3
of ψ to the universal coverings with ψ˜(x0) = x
′
0. We note that ψ˜ is equivari-
ant with respect to the isomorphism ψ∗ : pi1(M,y0) −→ pi1(M ′, y′0). That is, for
any γ ∈ pi1(M,y0), ψ˜ ◦ γ = ψ∗(γ) ◦ ψ˜ holds. Here the covering transformation
on H3 determined uniquely by γ ∈ pi1(M,y0) (resp. ψ∗(γ) ∈ pi1(M ′, y′0)) is also
denoted by γ (resp. ψ∗(γ)). Let σ : ∆3 −→ H3 be a non-degenerate straight
3-simplex. For any η > 0 and α ∈ PSL2(C), a 3-simplex ασ : ∆3 −→ H3 is η-
efficient (resp. η-inefficient) with respect to ψ˜ if ι(σ)Vol(straight(ψ˜ ◦ασ)) > v3−η
(resp. ι(σ)Vol(straight(ψ˜ ◦ ασ)) ≤ v3 − η), where ι(σ) = Vol(σ)/|Vol(σ)|. Let
ασ : ∆3 −→ H3 be any η-efficient straight 3-simplex in H3 with respect to ψ˜. Note
that the η-efficiency is an open condition. We say that a non-degenerate straight
3-simplex τ : ∆3 −→ M is η-efficient with respect to ψ if its lift to the universal
covering is η-efficient with respect to ψ˜, otherwise τ is η-inefficient.
For any closed subsetX ofM , let Cηineffi(σ;X) be the subset of P (M) consisting of
elements a such that a•o(σ) ∈ X and a•σ is η-inefficient. We denote the restriction
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of zX(σ) to 3-simplices a • σ with a ∈ Cηineffi(σ;X) by zηX,ineffi(σ). Let zηX,effi(σ) be
the restriction of zX(σ) to the closure of supp(zX(σ)) \ supp(zηX,ineffi(σ)).
Let E be the neighborhood of a simply degenerate end of M with respect to
a finite core of M . Suppose that {f̂n}∞n=0 is the monotone increasing sequence of
normalized maps in E as in Section 2 and Nn = E(f̂n, f̂n+1). For any n0, n1 ∈ N∪
{0} with n0 < n1, we denote E(f̂n0 , f̂n1) by N(n0,n1), that is, N(n0,n1) =
⋃n1−1
n=n0
Nn.
For the d-neighborhood of Nd(N(n0,n1)) with d ≥ 0, we set zNd(N(n0,n1))(σ) =
z(n0, n1; d)(σ) or z(n0, n1; d) shortly. For any d ≥ 0, let Cηineffi(σ, ;n0, n1; d) be the
subset of P (M) consisting of elements a such that a•o(σ) ∈ Nd(N(n0,n1)) and a•σ
is η-inefficient. We denote the restriction of z(n0, n1; d) to 3-simplices a • σ with
a ∈ Cηineffi(σ, ;n0, n1; d) by zηineffi(n0, n1; d). Let zηeffi(n0, n1; d) is the restriction of
z(n0, n1; d) to the closure of supp(z(n0, n1; d)) \ supp(zηineffi(n0, n1; d)).
Now we consider the case of X = N(n0,n1), that is, the case of d = 0. Note
that N(n0,n1) is an almost compact submanifold of M for any n0, n1 ∈ N ∪ {0}
with n0 < n1. See Section 1 for the definition of almost compact subspaces.
Let τni be a triangulation on Σ such that f̂ni(τni) is a triangulation satisfying
the conditions (T1)–(T5) given in Section 4. Let N (Ĥtube) be a neighborhood of
Ĥtube =
⋃∞
n=0 Ĥn,tube in M consisting of mutually disjoint tubular neighborhoods
and with Vol(N (Ĥtube)) < ∞. See (4.2) for Ĥn,tube. Suppose that ψ : M −→ M ′
satisfies the following conditions.
(P1) ψ|M\N (Ĥtube) = ϕ|M\N (Ĥtube).
(P2) For each component l of Ĥtube, ψ(l) is a closed geodesic in E′.
Consider a piecewise totally geodesic map f ′∗ni : Σ −→ E′ properly homotopic to
ψ ◦ f̂ni : Σ −→ E′ and satisfying the following conditions.
• For any v ∈ τ (0)ni , f ′∗ni(v) = ψ ◦ f̂ni(v).
• For any e ∈ τ (1)ni , f ′∗ni(e) is a geodesic segment in E′ homotopic to ψ ◦ f̂ni(e) rel.
∂e.
• For any ∆ ∈ τ (2)ni , f ′∗ni(∆) is a totally geodesic triangle in E′ bounded by
f ′∗ni(∂∆).
Lemma 5.1. With the notation as above, there exists a constant C > 0 independent
of n0 or n1 such that Vol
bd(f ′∗n0 , f
′∗
n1) < Vol(E(f̂n0 , f̂n1)) + C.
Proof. Let σ : ∆3 −→ H3 be any straight simplex σ : ∆3 −→ H3 with Vol(σ) > 1.
Suppose that ẑni (i = 0, 1) is the connecting 3-chain given in Lemma 4.2 asso-
ciated with f̂ni(Σ) and satisfying ‖ẑn0‖ + ‖ẑn1‖ ≤ b0 . Then, for the 3-chain
zn0,n1 = z(n0, n1; 0)+ ẑn1− ẑn0 , straight(ψ∗(zn0,n1)) is a locally finite 3-chain on E′
bounded by a fundamental 2-cycle on f ′∗n1(Σ)− f ′∗n0(Σ) times Vol(σ). Here, to show
supp(∂3straight(ψ
′
∗(zn0,n1))) ⊂ f ′∗n1(Σ)∪ f ′∗n0(Σ), we used the fact that ∂3zn0,n1 is a
simplicial 2-cycle with respect to f̂n0(τn0) ∪ f̂n1(τn1) mod Ĥn0,tube ∪ Ĥn1,tube and
f ′∗ni(Ĥni,tube) (i = 0, 1) is a union of closed geodesics in E′. It follows that
(5.1) ωM ′(ψ∗(z(n0, n1; 0) + ẑn1 − ẑn0)) = Vol(σ)Volbd(f ′∗n0 , f ′∗n1).
On the other hand,
ωM ′(ψ∗(z(n0, n1; 0) + ẑn1 − ẑn0)) ≤ v3(‖z(n0, x1; 0)‖+ ‖ẑn1‖+ ‖ẑn0‖)
≤ v3(Vol(E(f̂n0 , f̂n1)) + b0).
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By letting Vol(σ)→ v3, one can have the required inequality. 
Now we recall the definition of a pseudo-inverse inequality of straightened vol-
ume (or simply an SV-pseudo-inverse inequality) (0.1) for ϕ on E, where {Xn} is
an expanding sequence of compact submanifolds of E with
⋃∞
n=1Xn = E. For any
almost compact submanifold Y of M and any ε > 0, there exists a compact sub-
manifold Y ′ of Y with Vol(Y −Y ′) < ε. Thus the compactness condition for Xn can
be replaced by the almost compactness condition. Moreover, any continuous map
ψ with the properties (P1) and (P2) also satisfies an SV-pseudo-inverse inequality
if we replace the constant c0 by c0 +v3Vol(N (Ĥtube)). Hence the property for ϕ is
equivalent to the existence of a constant c0 > 0 satisfying the following condition
for ψ. For any almost compact submanifold X of E, there exists an almost compact
submanifold X̂ with X̂ ⊃ X and satisfying
(0.1) ωM ′(ψ∗(zX̂(σ))) > ωM (zX̂(σ))− c0
for any straight simplex σ : ∆3 −→ H3 with Vol(σ) > 1.
The following lemma is the infinite volume version of Lemma 1 in Soma [So4].
Here the η-inefficiency is the condition with respect to the continuous map ψ.
Lemma 5.2. Suppose that ϕ : M −→M ′ satisfies an SV-pseudo-inverse inequality
on E. If Vol(σ) > v3 − ε, then
‖zηineffi(n0, n1; 0)‖
n1 − n0 ≤
ε
η
V1 +
b1
η(n1 − n0)
for any n0, n1 ∈ N ∪ {0} with n0 < n1, where V1 is the constant given in Lemma
2.2 (2) and b1 = b1(c0) > 0 is a uniform constant.
Proof. Suppose that X = N(n0, n1) and X̂ is an almost compact submanifold of
E with X̂ ⊃ X and satisfying (0.1) for any straight simplex σ : ∆3 −→ H3 with
Vol(σ) > 1. Let Ŷ be the closure of X̂ \X in E. Since |Vol(τ)| = Vol(σ) for any
τ ∈ supp(z(n0, n1; 0)),
ωM (zX̂(σ)) = Vol(σ)‖zX̂(σ)‖ = Vol(σ)(‖zŶ (σ)‖+ ‖z(n0, n1; 0)‖)
= Vol(σ)(Vol(Ŷ ) + Vol(E(f̂n0 , f̂n1))).
(5.2)
By Lemma 4.2 and (5.1),
ωM ′(ψ∗(zX̂(σ))) = ωM ′(ψ∗(zŶ (σ))) + ωM ′(ψ∗(z(n0, n1; 0)))
≤ v3‖zŶ (σ)‖+ ωM ′(ẑn0 − ẑn1) + v3Volbd(f ′∗n0 , f ′∗n1)
≤ v3Vol(Ŷ ) + b0v3 + v3Volbd(f ′∗n0 , f ′∗n1).
(5.3)
By (0.1), (5.2) and (5.3) with Vol(σ)→ v3, we have that
(5.4) Vol(E(f̂n0 , f̂n1)) ≤ Volbd(f ′∗n0 , f ′∗n1) + b0 + c0v−13 .
Now we fix ε > 0. Then
ωM ′(ψ∗(z(n0, n1; 0))) = ωM ′(ψ∗(z
η
effi(n0, n1; 0))) + ωM ′(ψ∗(z
η
ineffi(n0, n1; 0)))
≤ v3‖zηeffi(n0, n1; 0)‖+ (v3 − η)‖zηineffi(n0, n1; 0)‖
= v3‖z(n0, n1; 0)‖ − η‖zηineffi(n0, n1; 0)‖
= v3Vol(E(f̂n0 , f̂n1))− η‖zηineffi(n0, n1; 0)‖.
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On the other hand, by (5.1) and (5.4),
ωM ′(ψ∗(z(n0, n1; 0))) = Vol(σ)Volbd(f ′∗n0 , f
′∗
n1)− ωM ′(ψ∗(ẑn1 − ẑn0))
≥ (v3 − ε)(Vol(E(f̂n0 , f̂n1)))− b0 − c0v−13 )− b0v3
≥ (v3 − ε)Vol(E(f̂n0 , f̂n1))− b1,
where b1 is the uniform constant defined by
b1 = v3(b0 + c0v
−1
3 ) + b0v3 = 2b0v3 + c0.
Thus we have
η‖zηineffi(n0, n1; 0)‖ ≤ εVol(E(f̂n0 , f̂n1)) + b1
By Lemma 2.2 (2), Vol(E(f̂n0 , f̂n1)) ≤ (n1 − n0)V1. This completes the proof. 
Then the following corollary is obtained from Lemma 5.2.
Corollary 5.3. With the assumptions as in Lemma 5.2, for any d ≥ 0, there exists
a uniform constant e(d) > 0 satisfying
µ̂Haar(C
η
ineffi(σ;n0, n1; d))
n1 − n0 ≤
2ε
η
V1 +
2e(d)
η(n1 − n0) .
Proof. By (3.3),
‖zηineffi(n0, n1; d)‖ =
1
2
(smearM (σ) + smearM (σ−))(C
η
ineffi(σ;n0, n1; d) • σ)
=
1
2
µ̂Haar(C
η
ineffi(σ;n0, n1; d)).
On the other hand, by Lemma 1.7 (3),
‖zηineffi(n0, n1; d)‖ ≤ ‖zηineffi(n0, n1; 0)‖+ ‖zNd(f̂n0 (Σ))(σ)‖+ ‖zNd(f̂n1 (Σ))(σ)‖
≤ ‖zηineffi(n0, n1; 0)‖+ v3(Vol(Nd(f̂n0(Σ)) + Vol(Nd(f̂n1(Σ)))
≤ ‖zηineffi(n0, n1; 0)‖+ 2v3v0(d).
By Lemma 5.2, e(d) := b1 + 2v3v0(d) is our desired uniform constant. 
6. Simplicial honeycombs (infinite volume version)
In this section, we recall the notion of simplicial honeycombs which is introduced
in [So4] for hyperbolic 3-manifolds of finite volume and show that it is applicable
also to hyperbolic 3-manifolds with infinite volume. Similar tools are used also in
[So2]. However, in [So2], we needed the Cannon-Thurston map to define them. In
this paper, we do not rely on the Cannon-Thurston map.
6.1. Simplicial honeycombs revisited. Throughout this section, we work with
a number J > 4, which is fixed in Subsection 7.1. The number is a uniform constant
J(r0) depending only on r0 > 0 given in Lemma 2.2.
For any element z of the complex plane C and a > 0, we denote by Ba(z) the
disk in C of radius a centered at z. The set of vertices of a triangle T on C is
denoted by v(T ). We denote by 0 the origin of C and by 4J the point 4J + 0
√−1
of C. For any z ∈ C \ {0}, let T̂z be the regular triangle in C centered at 0 and
with z ∈ v(T̂z). For any z ∈ Ba(4J) with 0 < a < J and a given m ∈ N, divide T̂z
into 9m regular sub-triangles Tz,1, Tz,2, . . . , Tz,9m of the same size with 0 ∈ v(Tz,i)
for i = 1, . . . , 6. We set z = xC, t = xR for a point x = (z, t) ∈ H3 = C×R+. For a
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subset A of H3, we denote the subset {xC; x ∈ A} of C by AC. For i = 1, 2, . . . , 9m
and 0 < t ≤ s < 1, let ∆(s)z,i,t be the straight simplex in H3 with four vertices v0, v1,
v2, v3 with v0 = (0, 1/s), {v1, v2, v3}C = v(Tz,i) and vk,R = s if vk,C = 0, otherwise
vk,R = t for k = 1, 2, 3. We say that the set H(s,m)z,t = {∆(s)z,i,t; i = 1, 2, . . . , 9m} is
the simplicial honeycomb in H3 of type (z,m, s, t), see Figures 1 and 2 in [So4].
Definition 6.1. Let ψ˜ : H3 −→ H3 be the lift of the continuous map ψ : M −→M ′
given in Section 5. For any non-degenerate straight 3-simplex ∆ in H3, we denote
a positive straight 3-simplex σ : ∆3 −→ H3 with σ(∆3) = ∆ by σ∆. We say that ∆
is η-efficient with respect to ψ˜ if σ∆ is η-efficient, that is, Vol(straight(ψ˜ ◦ σ∆)) >
v3−η. A finite set C = {∆1, . . . ,∆n} of positive straight 3-simplices in H3 satisfies
the property Pηeffi(ψ˜) if each ∆i (i = 1, . . . , n) is η-efficient with respect to ψ˜.
We denote by z0 the point of C with coordinate 1 + 0
√−1. For any (z, t) ∈
Br(z0)×(0, s] with 0 < r < 1/4, let ∇(s)(z,t) be the straight 3-simplex in H3 = C×R+
with vertices (0, 1/s), (0, s), (epi
√−1/3, s), (z, t). We say that ∇(s)z,t is the auxiliary
simplex in H3 of type (z, s, t), which is used instead of simplicial twins in [So4].
Let (z, t) be a point of Ba(4J) × (0, s]. If necessary deforming ψ˜ slightly by
homotopy, one can suppose that ψ˜(0, 1/s), ψ˜(0, s), ψ˜(z, t) are not on any single
geodesic line in H3. Then, the composition ψ˜(z,t) = βψ˜ : H3 −→ H3 is called
the (z, t)-normalization of ψ˜ if we choose β ∈ PSL2(C) so that ψ˜(z,t)(0, 1/s)C =
ψ˜(z,t)(0, s)C = 0, ψ˜(z,t)(0, s)R < ψ˜(z,t)(0, 1/s)R and ψ˜(z,t)(z, t)C = z.
The following lemma is obtained immediately from the definitions of H(s,m)z,t ,
where we set ∆i = ∆
(s)
z,i,t. Here we recall that x0 = (0, 1) is the base point of
H3 = C× R+.
Lemma 6.2. There exists a uniform constant d0(m) > 0 such that, for any element
∆i of H(s,m)z,t , distH3(x0, o(∆i)) ≤ d0(m).
Note that limm→∞ d0(m) =∞.
The boundary ∂B2J(0) of B2J(0) is the inscribed circle of T̂4J . Simplicial hon-
eycombs are used to show that the normalization ψ˜(z,t) is approximated by the
identity in a neighborhood of B2J(0) in H3 ∪ S2∞. However it depends on (z, t).
Auxiliary simplices are used to show that such normalizations are taken commonly.
Now we present three technical lemmas, which are proved by arguments quite
similar to those in [So4]. Here distC×R+ is the distance function and measC×R+ is
the Lebesgue measure on C × R+ with respect to the standard Euclidean metric
on C × R+ ⊂ E2 × E = E3. Let V(s,m)z,t be the union of all vertices of ∆i ∈ H(s,m)z,t
other than the top vertex (0, 1/s).
In the following lemma, we use a point vi,C of C with J < |vi,C| < 2J instead of
2R in [So4].
Lemma 6.3 (cf. [So4, Lemma 3]). For any sufficiently small δ > 0, take r with
0 < r < δ/16. Then, there exist constants s1 = s1(δ,m) > 0 and η1 = η1(δ,m) > 0
satisfying the following (*), where 0 < s ≤ s1 and (z, t), (z′, t′) ∈ Br(4J)× (0, s].
(*) For any x ∈ V(s,m)z,t , distC×R+(x, ψ˜(z
′,t′)(x)) < δ holds if H(s,m)z,t has the property
Pη1effi(ψ˜) and ψ˜
(z′,t′)(vi)C ∈ Bδ/8(vi,C) for some vi ∈ V(s,m)z,t with J < |vi,C| < 2J .
In the following lemma, we substitute auxiliary simplices for simplicial twins[So4].
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Lemma 6.4 (cf. [So4, Lemma 4]). For any 0 < δ < 1, 0 < s′ < 1 and 0 <
r < δ/16, there exists a constant η2 = η2(δ) > 0 such that, if both ∇(s
′)
z,t and ∇(s
′)
z′,t′
satisfying Pη2effi(ψ˜) for (z, t), (z
′, t′) ∈ Br(z0)×(0, s′], then ψ˜(z′,t′)(z, t)C is contained
in Bδ/8(z0).
Lemma 6.5 (cf. [So4, Lemma 5]). Suppose that δ1 > 0 and s > 0 are any suffi-
ciently small numbers. Then, there exists m = m(δ1) ∈ N independent of s and
satisfying
measC×R+(B2J(0)× (0, s] ∩ (
⋃
(z,t)∈L V(s,m)z,t ))
measC×R+(B2J(0)× (0, s])
> 1− δ1,
where L is any Borel subset of Bδ1(4J)× (0, s] with
measC×R+(L) >
(
1− δ1
2
)
measC×R+(Bδ1(4J)× (0, s]).
6.2. Applications to simply degenerate ends. Let p : H3 −→ M be the uni-
versal covering and q : PSL2(C) −→ P (M) the quotient map given in Section 3.
Let E be the neighborhood of a simply degenerate end E with respect to a finite
core of M . Then the submanifold
⋃∞
n=0Nn of E given in Section 2 is also a neigh-
borhood of E . We may suppose that the base point x0 of H3 is taken so that
y0 = p(x0). For the constant r0 given in Lemma 2.2 (3), consider the open subset
A of PSL2(C) consisting of elements α with distH3(αx0, x0) < r0. Recall that,
for any n ∈ N ∪ {0}, Rn is the main part of Nn with the base point yn = p(xn)
and satisfying the conditions (R1) and (R2) in Section 2, see Figure 2.3. Let αn
be an element of PSL2(C) such that q(αn) • x0 is the base point yn of Rn. Set
αnx0 = xn, αnA = An and q(An) = An. For any α′ = αnα ∈ An with α ∈ A,
distH3(α
′x0, αnx0) = distH3(αx0, x0) < r0. By Lemma 2.2 (3), the following prop-
erties hold.
• For any n ∈ N ∪ {0}, the restriction q|An of q is an embedding and hence
µHaar(A) = µHaar(An) = µ̂Haar(An).
• For any n0, n1 ∈ Z with n0 6= n1, An0 ∩An1 is empty.
Let Aηn,ineffi(σ) be the subset of An consisting of elements a ∈ An such that a • σ is
η-inefficient and set Aηn,ineffi(σ) = (q|An)−1(Aηn,ineffi(σ)).
For 0 < δ1 < δ, consider the subset E(s,m);ηn of An×Bδ1(4J)× (0, s] consisting of
elements (α, z, t) such that α∆i is η-efficient for all ∆i ∈ H(s,m)z,t (i = 1, 2, . . . , 9m).
If we set X ηn;z,i,t = Aηn,ineffi(σi) for σi = σ∆i : ∆3 −→ H3 with ∆i ∈ H(s,m)z,t , then
E(s,m);ηn =
{
(α, z, t); (z, t) ∈ Bδ1(4J)× (0, s], α ∈ An \
9m⋃
i=1
X ηn;z,i,t
}
.
We also consider the subset F (s′);ηn of An × Br(z0) × (0, s′] consisting of elements
(α′, z, t) such that α∇(s′)z,t is η-efficient. If we set Yηn;z,t = Aηn,ineffi(σ∇) for σ∇ :
∆3 −→ H3 with ∇ = ∇(s)z,t , then
F (s′);ηn =
{
(α′, z, t); (z, t) ∈ Br(z0)× (0, s′], α′ ∈ An \ Yηn;z,t
}
.
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For any m ∈ N, there exists a constant ε = εm(s) > 0 with lims→0 εm(s) = 0 and
Vol(∆
(s)
z,i,t) > v3 − ε if ∆(s)z,i,t ∈ H(s,m)z,t and (z, t) ∈ Bδ1(4J)× (0, s]. Similarly, there
exists a constant ε′ = ε′(s′, r) > 0 with lim(s′,r)→(0,0) ε′ = 0 and Vol(∇(s
′)
z,t ) > v3−ε′
if (z, t) ∈ Br(z0)× (0, s′].
Lemma 6.6. For any sufficiently small δ > 0, there exists n1(δ) ∈ N, s1(δ) > 0
and r = r(δ) with 0 < r < δ/16 such that, for any w ∈ N and 0 < s′ ≤ s1, there is
an n ∈ N with w ≤ n < w+n1 and a Borel subset Un of An satisfying the following
conditions.
(1) µHaar(An \ Un) > (1− δ)µHaar(A).
(2) For any α′ ∈ An\Un, there exists a Borel subset Zα′ of Br(z0)×(0, s′] satisfying
measC×R+(Zα′) > (1− δ)measC×R+(Br(z0)× (0, s′]).(6.1)
βψ˜ ◦ α′(z, t)C ∈ Bδ/8(z0) for any (z, t) ∈ Zα′ ,(6.2)
where β is the normalization factor β(z
′,t′) for a fixed (z′, t′) ∈ Zα′ .
Proof. Take n1, w ∈ N arbitrarily. It follows from elementary hyperbolic geometry
that distH3(o(∇(s
′)
z,t ), x0) < log
√
3. For any n with w ≤ n ≤ w + n1 − 1, a •
o(σ∇) ∈ Nd1(r0)(N(w,w+n1)) if a ∈ An, where d1(r0) = log
√
3+ r0. This shows that
Aη2n,ineffi(σ∇) ⊂ Cη2ineffi(σj ;w,w + n1; d1(r0)). Since Yη2n;z,t = (q|An)−1(Aη2n,ineffi(σ∇))
for ∇ = ∇(s′)z,t ,
w+n1−1∑
n=w
µHaar(Yη2n;z,t) =
w+n1−1∑
n=w
µ̂Haar(An,ineffi(σ∇))
≤ µ̂Haar(Cη2ineffi(σ∇;w,w + n1; d1(r0))).
By Corollary 5.3,
(6.3)
∑w+n1−1
n=w µHaar(Yη2n;z,t)
n1
≤ 2ε
′V1
η2
+
2e(d1(r0))
η2n1
.
Since lim(s,r)→(0,0) ε′ = 0, one can choose s1 = s1(δ) > 0 and r = r(δ) > 0 so
that 2ε′V1η−12 < δ
2µHaar(A)/8 holds for any 0 < s′ ≤ s1. Now we suppose that
n1 = n1(δ) is the smallest integer satisfying
n1 ≥ 8 · 2 · e(d1(r0))
η2δ2µHaar(A) .
Then
∑w+n1−1
n=w µHaar(Yη2n;z,t) ≤ n1δ2µHaar(A)/4. This implies
w+n1−1∑
n=w
µHaar ×measC×R+(F (s
′);η2
n )
µHaar ×measC×R+(An ×Br(z0)× (0, s′])
> n1
(
1− δ
2
4
)
.
Thus, for some n with w ≤ n ≤ w + n1 − 1,
µHaar ×measC×R+(F (s
′);η2
n )
µHaar ×measC×R+(An ×Br(z0)× (0, s′])
> 1− δ
2
4
.
So there exists a Borel subset Un of An with the condition (1) and such that, for
any α′ ∈ An\Un, the α′-section Zα′ = {(x, t) ∈ Br(z0)×(0, s′] ; (α′, z, t) ∈ F (s
′),η2
n }
of F (s′),η2n satisfies (6.1). Since ∇(s
′)
z,t has the property P
η2
effi(ϕ˜ ◦ α′), the assertion
(6.2) follows from Lemma 6.4. 
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The following lemma is an infinite volume version of Lemma 6 in [So4].
Lemma 6.7. For any sufficiently small δ > 0, there exists n0 = n0(δ) ∈ N such
that, for any n ≥ n0, there are sn > 0 with limn→∞ sn = 0, an element α of
An, a Borel subset Wα of B2J(0) and a constant c(δ) > 0 independent of n with
limδ→0 c(δ) = 0 satisfying the following conditions.
measC×R+(Wα) > (1− c(δ))measC×R+(B2J(0)× (0, sn]).(6.4)
distC×R+(ψ˜α(x), x) < δ for any x ∈Wα,(6.5)
where ψ˜α = βψ˜ ◦ α for some β ∈ PSL2(C).
Proof. Fix an arbitrarily small δ > 0. Suppose that there would exist infinitely
many n(k) ∈ N such that, for any sufficiently small s > 0, any element α ∈ An(k)
dose not have a constant c(δ) > 0 and a Borel subset Wα of B2J(0)× (0, s] which
satisfy (6.4) and (6.5).
For any m ∈ N, we suppose that η1 = η1(δ,m) > 0 is the constant given in
Lemma 6.3. By an argument similar to that in the proof of Lemma 6.6, for any
k ∈ N,
(6.6)
∑k
k=1 µHaar(X η1n(k);z,i,t)
k
≤ 2εV1n(k)
η1k
+
2e(d0(m, r0))
η1k
.
for i = 1, 2, . . . , 9m, where d0(m, r0) = d0(m) + r0 for the constant d0(m) given in
Lemma 6.2. Since lims→0 εm(s) = 0, for any 0 < δ1 < δ, there exists sn(k) > 0 such
that ε = εm(s) satisfies 9
m · 2εV1η−11 n(k)/k < δ21µHaar(A)/8 if 0 < s ≤ sn(k). Let
k0 be the smallest integer satisfying
k0 ≥ 8 · 2 · 9
m · e(d0(m, r0))
η1δ21µHaar(A)
.
Then, as in the proof of Lemma 6.6, for some integer k with 1 ≤ k ≤ k0, we have
(6.7)
µHaar ×measC×R+(E(s,m);η1n(k) )
µHaar ×measC×R+(An(k) ×Bδ1(4J)× (0, s])
> 1− δ
2
1
4
.
Thus there exists a Borel subset On(k) of An(k) satisfying the following conditions.
(A1) µHaar(An(k) \ On(k)) > (1− δ1)µHaar(A).
(A2) For any α ∈ An(k) \On(k), the α-section L[α of E(s,m);η1n in An(k)×Bδ1(4J)×
(0, s] is a subset of Bδ1(4J)× (0, s] with
measC×R+(L
[
α) >
(
1− δ1
2
)
measC×R+(Bδ1(4J)× (0, s]).
By Lemma 6.5 together with (A2),
W [α = B2J(0)× (0, s] ∩
( ⋃
(z,t)∈L[α
V(s,m)z,t
)
is a Borel subset of B2J(0)× (0, s] satisfying
(6.8) measC×R+(W
[
α) > (1− δ1)measC×R+(B2J(0)× (0, s]).
Note that, for any (z, t) ∈ L[α, H(s,m)z,t has the property Pη1effi(ϕ˜ ◦ α). Thus, by
Lemma 6.3,
(6.9) distC×R+(β
(z′,t′)ϕ˜ ◦ α(x), x) < δ
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holds for any x ∈ W [α if β(z
′,t′) is the normalization factor for some (z′, t′) ∈ Lα
with β(z
′,t′)ψ˜ ◦ α(vi,C) ∈ Bδ/8(vi,C) for some vi ∈ V (m)z,t with J < |vi,C| < 2J . We
will show that one can take β(z
′,t′) commonly for all (z, t) ∈ Lα.
Let d2 be the constant given in Lemma 2.2 (1) and n1(δ) the integer in Lemma
6.6. We set d3(δ) = d2n1(δ) + 2r0. There exists the base point yw of some Nw with
w < n(k) and d3(δ)+3J/2 ≤ distH3(yw, yn(k)) < d3(δ)+d2 +3J/2. By Lemma 6.6,
there exists n ∈ N with w ≤ n < n(k), 3J/2 ≤ distH3(yn, yn(k)) < d3(δ) +d2 + 3J/2
and such that there exists a Borel subset Un of An satisfying the conditions (1)
and (2) of Lemma 6.6. If necessary replacing xn by some point of p
−1(yn), we
may assume that 3J/2 ≤ distH3(xn, xn(k)) < d3(δ) + d1 + 3J/2. By (A1), there
exists α ∈ An(k) \ On(k) and a coordinate C × R+ on H3 with αx0 = (0, 1) and
4J/3 ≤ |xn,C| < 2J , h(δ) < xn,R < 1 for some constant h(δ) > 0 independent of
n. By Lemma 6.6 (1), there exists α′ ∈ An \ Un and 0 < s′ ≤ s1 satisfying the
following conditions.
• 4J/3 ≤ |(α′x0)C| < 2J , h(δ) < (α′x0)R < 1.
• The geodesic ray λα′ in H3 emanating from α′x0 and tending toward α′0 is
almost vertical at α′x0.
• α′(Bδ/16(z0)× {s′}) ⊂ B2J(0)× [s, 2s].
The second property implies α′(Bδ/16(z0) × {0}) ⊂ (B2J(0) \ BJ(0)) × {0}. See
Figure 6.1. By (6.1),
Figure 6.1.
(6.10) measC×R+(α
′Z(s)α′ ) > (1− 3δ)measC×R+(α′(Br(z0)× (0, s′])(s)),
where α′Z(s)α′ = α
′Zα′ ∩ (Br(z0) × (0, s]) and α′(Br(z0) × (0, s′])(s) = α′(Br(v1) ×
(0, s′])∩B2J(0)× (0, s]. The factor ‘3’ of 3δ in (6.10) is just a number greater than
2s/s. Suppose that Lα = {(z, t) ∈ L[α ; αV(m)z,t ∩ α′Z(s)α′ 6= ∅} and Wα = B2J(0) ×
(0, s] ∩
(⋃
(z,t)∈Lα V
(m)
z,t
)
. If we take δ1 sufficiently smaller than δ, then by (6.8)
and (6.10) there exists a constant c(δ) > 0 independent of n with limδ→0 c(δ) = 0
and such that
measC×R+(Wα) > (1− c(δ))measC×R+(B2J(0)× (0, s]),
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which satisfies (6.4). By using (6.2) and (6.9), one can prove that Wα and ψ˜α =
βψ˜◦α satisfy (6.5), where β is the normalizing factor β(z′,t′) for a fixed (z′, t′) ∈ Lα.
This contradicts our definition of n(k). So there exists a positive integer n0 desired
in Lemma 6.7. This completes the proof. 
7. Proof of Theorem A
7.1. Construction of locally bi-Lipschitz maps. A continuous map f : X −→
Y between metric spaces is called a locally K-bi-Lipschitz if, for any x ∈ X, the
restriction of f on the r-ball Br(x) for some r > 0 is a K-bi-Lipschitz map onto
a closed neighborhood of f(x) in Y . The aim of this subsection is to show that,
for the neighborhood E of any simply degenerate end E of M with respect to a
finite core, the restriction ϕ|Ethick : Ethick −→ E′ = ϕ(E) is properly homotopic to
a locally bi-Lipschitz map.
By Lemmas 1.4 and 2.2, there exists a generator system γ
(n)
1 , . . . , γ
(n)
u of pi1(Rn, yn)
with u ≤ u0 and
(7.1) 2µ0 < tl(ρn(γ
(n)
j )) ≤ tl(ρn(γ(n)j ), xn) ≤ λ0
for any j = 1, . . . , u and some constant λ0 > 0 independent of j and n, where ρn :
pi1(Rn, yn) −→ PSL2(C) is the holonomy associated the covering transformation
on H3 based at xn. We denote by l(γ(n)j ) the axis of the loxodromic element
ρn(γ
(n)
j ). For any point x
′
n ∈ H3 with distH3(xn, x′n) ≤ r0, by (7.1), there exists a
constant d(r0) > 0 with distH3(x
′
n, l(γ
(n)
j )) ≤ d. So one can have a uniform constant
J = J(r0) > 4 such that, for any coordinate C×R+ on H3 with xn = (0, 1), at least
one of the end points of γ
(n)
j is contained in BJ(0). For a τ > 0, two representations
ρ0, ρ1 : pi1(Rn, yn) −→ PSL2(C) are said to be τ -close to each other with respect
to γ
(n)
j (j = 1, . . . , u) if ρ0(γ
(n)
j )ρ1(γ
(n)
j )
−1 = ±
(
1 + τ1 τ2
τ3 1 + τ4
)
satisfies |τi| ≤ τ
for i = 1, 2, 3, 4 under a suitable coordinate C × R+ on H3 with xn = (0, 1). Let
ρ′ : pi1(E′, y′0) −→ PSL2(C) be the holonomy of E′. For a vertical core Fn of Rn,
the inclusion Fn −→ E is pi1-injective, see Section 2 for the definition of vertical
core. Since Fn is a deformation retract of Rn, (ϕ|Rn)∗ = (ψ|Rn)∗ : pi1(Rn, yn) −→
pi1(E
′, ϕ(yn)) is also injective.
Lemma 7.1. Let τ be any positive number. Then there exists n0 ∈ N such, for
any n ≥ n0, the following condition (*) holds.
(*) ρn : pi1(Rn, yn) −→ PSL2(C) is τ -close to ρ′n : pi1(Rn, yn) −→ PSL2(C)
with respect to γ
(n)
1 , . . . , γ
(n)
u , where ρ′n is the representation defined by ρ
′
n(·) =
βn(ρ
′ ◦ (ϕ|Rn)∗(·))β−1n for some βn ∈ PSL2(C).
Proof. By using an argument quite similar to that in the proof of the assertion
(3.7) in [So4, page 2767], one can show that ρ′n satisfies (*) for a τ(δ) > 0 with
limδ→0 τ(δ) = 0 for all sufficiently large n, where we use Lemma 6.7 instead of [So4,
Lemma 6]. 
For the integer n0 > 0 given in Lemma 7.1, let En0 =
⋃∞
n=n0
Nn, En0,thick =
En0∩Ethick and ∂1En0,thick = En0,thick∩Ethin. Then we have En0,thick =
⋃
n≥n0 Rn
and ∂1En0,thick =
⋃
n≥n0 ∂1Rn. See Figures 2.2 and 2.3 in Section 2. For any
n ≥ n0, let Dn be a Dirichlet fundamental domain of Rn in H3 centered at xn.
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By an argument used in the proof of Proposition 5.1 in [Th1, Chapter 5], one can
show that there exists an ε0 > 0 independent of n which satisfies the following
conditions.
• For the open ε0-neighborhood IntNε0(Dn) of Dn in H3, Rn is a deformation
retract of the image Un = p(IntNε0(Dn)).
• There exists an (abstract) incomplete hyperbolic 3-manifold U ′n and a (1+κ)-bi-
Lipschitz map ξn : Un −→ U ′n such that the holonomy of the hyperbolic struc-
ture on U ′n with the marking ξn is equal to the representation ρ
′
n : pi1(Rn, yn) =
pi1(Un, yn) −→ PSL2(C) in Lemma 7.1, where κ = κ(τ) > 0 is a constant with
limτ→0 κ(τ) = 0.
Here the fact of ε0 being independent of n is derived from the boundedness of
geometry on Rn (n ≥ n0). If Um ∩ Un 6= ∅ for m 6= n, then Um ∩ Un is a
slim open neighborhood of the compact surface Rm ∩ Rn. By Lemma 7.1, ρ′m =
(βmβ
−1
n )ρ
′
n(βmβ
−1
n )
−1 on pi1(Un ∩Um). So one can choose ξm and ξn so that there
exists a marking-preserving isometry ζm,n : ξm(Um ∩ Un) −→ ξn(Um ∩ Un) with
ζm,n ◦ ξm|Um∩Un = ξn|Um∩Un . Note that ρ′n is the restriction of the holonomy
ρ′ : pi1(E′, y′0) −→ PSL2(C) of E′ = ϕ(E). Thus there exists a locally isometric
marking-preserving immersion ιn : U
′
n −→ E′. By using ξn’s and ιn’s, we have a
locally (1+κ)-bi-Lipschitz immersion ϕ(1) : En0,thick −→ E′ properly homotopic to
ϕ|En0,thick . The following diagram presents the connection of the above maps.
By applying our arguments with µ0/2 instead of µ0, we may extend ϕ
(1) to a
locally (1 + κ)-bi-Lipschitz map from En0,thick(µ0/2) to E, which is still denoted
by ϕ(1). For any x ∈ En0,thick(µ0/2), let i∗ : pi1(En0,thick(µ0/2), x) −→ pi1(E, x) be
the homomorphism induced from the inclusion. We denote by ρx : pi1(E, x) −→
PSL2(C) and ρ′ϕ(1)(x) : pi1(E
′, ϕ(1)(x)) −→ PSL2(C) the holonomies of (E, x) and
(E′, ϕ(1)µ0/2(x)) respectively. By Lemma 7.1 together with the construction of ϕ
(1),
one can suppose that, for any γ ∈ i∗(pi1(En0,thick(µ0/2), x)) ⊂ pi1(E, x) with µ0 ≤
tl(ρx(γ), x) ≤ 4µ0,
(7.2)
1
1 + κ
≤ tl
(
ρx(γ), x
)
tl
(
ρϕ(1)(x)(ϕ
(1)
∗ (γ)), ϕ(1)(x)
) ≤ 1 + κ
holds if necessary replacing n0(δ) by a larger integer.
7.2. Proofs of Theorem A and Corollary B. We will extend the locally (1+κ)-
bi-Lipschitz map ϕ(1) : En0,thick −→ E′ given in the previous subsection to a bi-
Lipschitz map ΦE : E −→ E′ required in Theorem A.
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Proof of Theorem A. First we show that ϕ(1) : En0,thick −→ E′ is a proper map.
There exist closed non-contractible loops ln in Rn with supn{lengthM (ln)} < ∞
and not homotopic to a loop in ∂1Rn. If ϕ
(1) were not proper, then there would exist
infinitely many Rn (n ≥ n0) the ϕ(1)-images of which stay a bounded region of E′.
If necessary passing to a subsequence, we may assume that lni are not mutually
homotopic in E. Then ϕ(1)(lni) are non-contractible loops in E
′ which are not
mutually homotopic. On the other hand, since supi{lengthE′(ϕ(1)(lni))} < ∞,⋃
i ϕ
(1)(lni) would not be in a bounded region of E
′, a contradiction. This shows
that ϕ(1) is a proper map. Moreover this implies that E′ is the neighborhood of a
simply degenerated end of M ′ with respect to the finite core C ′ = ϕ(C) of M ′. Let
T be any component of ∂1En0,thick homeomorphic to either a torus or a half-open
annulus.
By (7.2), ϕ(1)(T ) is contained in E′thin((1+κ)µ0). Let H
′ be a properly embedded
surface in E′ satisfying the following conditions.
• The inclusion H ′ −→ E′ is a homotopy equivalence. Moreover H ′ is disjoint
from E′tube((1+κ)µ0) and meets ∂E
′
cusp((1+κ)µ0)
transversely.
• The inclusion H ′0 = H ′∩E′main((1+κ)µ0) −→ E′main((1+κ)µ0) is a homotopy equiv-
alence, and H ′0 is contained in ϕ
(1)(IntEn0,thick). See Figure 7.1.
Figure 7.1. The union of blue regions in En0 (on the left hand
side) including EH represents E
[
H .
Let E′H′ be the closure of the component of E
′
thick((1+κ)µ0)
\H ′ adjacent to E ′ and
E[H = (ϕ
(1))−1(E′H′). Since the restriction ϕ
(2) = ϕ(1)|E[H : E
[
H −→ E′H′ is a
proper surjective immersion, ϕ(2) is a locally (1 + κ)-bi-Lipschitz covering. Since
E has only one end, E[H is connected. We set (ϕ
(1))−1(H ′) = H0 and H[0 =
H0 ∩ E[H . Consider the restriction fF : F (σ) −→ En0,thick of any pleated map
f : Σ(σ) −→ En0 satisfying the conditions (Y1) and (Y2) in Subsection 1.2. By
applying an argument in the proof of Lemma 1.3 to the composition f
(1)
F = ϕ
(1)◦fF :
F (σ) −→ E′, one can prove that any component of (f (1)F )−1(E′thin((1+κ)µ0)) is a
peripheral annulus in F (σ). In particular, this implies that, for each component
T ′ of E′thick((1+κ)µ0) ∩ E′cusp((1+κ)µ0), any component T (1) of (ϕ(1))−1(T ′) excises
from En0,thick a manifold W such that (W,T
(1),W ∩En0,cusp) is homeomorphic to
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(A×[0,∞), l0×[0,∞), l1×[0,∞)), where A is an annulus the boundary ∂A of which
is a disjoint union of two loops l0 and l1. Deforming ϕ
(1) by a homotopy supported
on W , we may assume that each component of H0 \ IntH[0 is an annulus. Such a
deformation can be accomplished by a standard argument of 3-manifold topology.
For example, see Lemma 6.5 in Hempel [He]. Note that H[0 = H0 if En0,cusp = ∅.
Since i ◦ ϕ(2) is homotopic to ϕ|E[H : E
[
H −→ E′, ϕ(2) is extended to a (not
necessarily locally bi-Lipschitz) continuous map from En0,main to E
′, where i :
E′H′ −→ E′ is the inclusion. If H0 were compressible in En0,main, then H[0 would
not be pi1-injective in En0,main. Since the covering ϕ
(2)|H[0 : H[0 −→ H ′0 is pi1-
injective, it follows that H ′0 is not pi1-injective in E
′. This contradicts that H ′0
is incompressible in E′main((1+κ)µ0). So H0 is incompressible in En0,main. Since
En0,main is homeomorphic to Σmain × [0,∞), H0 is a disjoint union of mutually
parallel surfaces in En0,main each of which is homeomorphic to Σmain. Since E
[
H is
connected and adjacent to E , H[0 and hence H0 are connected. So, as well as H0,
H[0 is homeomorphic to Σmain. This proves that the covering ϕ
(2)|H[0 : H[0 −→ H ′0 is
a homeomorphism. Thus ϕ(2) : E[H −→ E′H′ is a K-bi-Lipschitz map. Consider the
union GH of components of En0,thin((1+κ)2µ0) \ IntEn0,p-thin meeting ∂E[H \ IntH[0
non-trivially, where En0,p-thin is the pure µ0-thin part of En0 , see Definition 1.1.
By (7.2), ∂E[H \ IntH[0 is a core of GH . Let EH be the closure of E[H \ GH .
Composing (ϕ(2))−1 with an ambient isotopy in En0 , we have a K-bi-Lipschitz
map (ϕ(3))−1 : E′H′ −→ EH such that i ◦ ϕ(3) is homotopic to ϕ|EH : EH −→ E′
for some constant K(3) > 1 + κ.
We denote by E+H (resp. E
′+
H′) the closure of the component of Emain((1+κ)2µ0) \
H0 (resp. E
′
main((1+κ)µ0)
\ H ′0) containing EH (resp. E′H′). Any component V of
the closure E+H \ EH is a solid torus. Let m be a meridian of V . Since ϕ(m)
is contractible in E′, ϕ(3)(m) is so. It follows that ϕ(3)(m) is a meridian of the
component V ′ of E′thin((1+κ)µ0) with ∂V
′ = ϕ(3)(∂V ). By using Lemma 3.4 in
Minsky [Mi2, Subsection 3.4], one can extend ϕ(3) to a K(4)-bi-Lipschitz map ϕ(4) :
E+H −→ E′+H′ for some constant K(4) > K(3). Since both Emain((1+κ)2µ0) \ E+H and
E′main((1+κ)µ0) \ E
′+
H′ are compact, ϕ
(4) is also extended to a KE-bi-Lipschitz map
ΦE : E −→ E′ for some KE > K(4). Since ϕ|E and ΦE are marking preserving
homeomorphisms from E to E′, they are properly homotopic to each other. This
completes the proof of Theorem A. 
Here we note that the above result by Minsky is proved by using standard ar-
guments of hyperbolic and differential geometry and has no connection with the
theory of curve complex.
Now we prove Corollary B. Suppose that our homeomorphism ϕ : M −→M ′ pre-
serves the fundamental bounded cohomology classes of M and M ′, that is, [ωM ] =
ϕ∗([ωM ′ ]) in H3b (M,R). Then there exists a bounded 2-cochain c : C2(M) −→ R
with
(7.3) ωM − ϕ∗(ωM ′) = δ2c.
Proof of Corollary B. Suppose that E is the neighborhood of any simply degenerate
end E of M with respect to a finite core C. For any almost submanifold X of E,
there exists n0, n1 ∈ N ∪ {0} with n1 > n0 and N(n0, n1) ⊃ X. Suppose that
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X̂ = N(n0, n1). Let σ : ∆
3 −→ H3 be any straight 3-simplex in H3 with Vol(σ) > 1.
By Lemma 1.7 (3) and Lemma 3.1,
‖∂3zX̂(σ)‖ ≤ 4Vol(N2(f̂n0(Σ)) ∪N2(f̂n1(Σ))) ≤ 8v0(2).
By (7.3),
|(ωM − ϕ∗(ωM ′))zX̂(σ)| = |(δ2c)zX̂(σ)| = |c(∂3zX̂(σ))| ≤ 8‖c‖v0(2).
This shows that ωM ′(ϕ∗(zX̂(σ))) ≥ ωM (zX̂(σ))−8‖c‖v0(2) and hence ϕ satisfies an
SV-pseudo-inverse inequality on E. By Theorem A, E′ = ϕ′(E) is a neighborhood
of a simply degenerate end of M ′ and ϕ is properly homotopic rel. M \ IntE to
a homeomorphism ϕ′ : M −→ M ′ such that ϕ′|E : E −→ E′ is a bi-Lipschitz
map. Since (ϕ−1)∗([ωM ]) = [ωM ′ ] in H3b (M
′,R), one can show similarly that, for
the neighborhood E′ of any simply degenerate end of M ′ with respect to the finite
core C ′ = ϕ(C), ϕ−1(E′) = E is also a neighborhood of a simply degenerate end
of M . Thus ϕ gives a bijective correspondence between simply degenerate ends of
M and those of M ′. Hence, for the neighborhood E of any geometrically finite end
of M with respect to C, E′ = ϕ(E) is also the neighborhood of a geometrically
finite end of M ′ with respect to C ′. Then it is well known that ϕ|E : E −→ E′
is properly homotopic rel. ∂E to a bi-Lipschitz map ϕE : E −→ E′, for example
see [Th1, Proposition 8.3.4]. Thus ϕ is properly homotopic to a bi-Lipschitz map
ϕ′ : M −→M ′. This completes the proof. 
8. Geometric limits of ending laminations
Throughout this section, we suppose that E is a simply degenerate end of M
with the ending lamination ν and E is the neighborhood of E with respect to a
finite core C of M . Let fn : Σn = Σ(fn) −→ E be pleated maps tending toward
E . We will study here geometric limits of fn and those of ending laminations with
respect to the moving hyperbolic structures on Σn.
8.1. Sequences of pleated maps tending toward ends. For a C2-curve γ in
H3 or M and a point x of γ, we denote by κx(γ) the curvature of γ at x and
κ(γ) = supx∈γ κx(γ).
Lemma 8.1. Let N = Nd(l) be the d-neighborhood of a geodesic line l in H3
for some d > 0. For any ε > 0, there exists a uniform constant d(ε) > 0 with
limε→0 d(ε) = ∞ and satisfying the following condition. Consider geodesic rays ri
(i = 1, 2) in H3 \ IntN emanating from points xi of ∂N . If
∣∣∠xi(ri, ∂N)− pi2 ∣∣ <
1/d(ε), d ≥ d(ε) and distH3(x1, x2) ≥ d(ε), then there exists a C2-curve l0 in H3
with κ(l0) < ε and containing r1 ∪ r2.
Proof. Let r3 be the geodesic segment in H3 connecting x1 with x2. Since N is
convex, r3 is contained in N . The angle θ0 = ∠z0(∂N, S2∞) at an end point z0 of
l is equal to cos−1(tanh d). We set ϕi = ∠xi(r3, ∂N) for i = 1, 2. For any ε > 0,
one can choose a uniform constant d(ε) > 0 so that |pi/2− ϕi| is arbitrarily small
if distH3(x1, x2) ≥ d(ε) and d ≥ d(ε). See Figure 8.1. Thus we have a C2-curve r0
with κ(r0) < ε by slightly modifying r1∪r3∪r2 in a small neighborhood of {x1, x2}
in N . 
Let {xn} be a sequence in a metric space X. If {xn} has a subsequence converges
to x0 in X, then we usually say that {xn} converges to x0 if necessary passing to
a subsequence. However, for short, we may omit the phrase ‘if necessary . . . ’ if it
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Figure 8.1. The label ‘d(ε)+’ means that the corresponding dis-
tance is at least d(ε).
does not cause any confusions. In particular, for a sequence {tn} of real numbers,
lim supn→∞ tn (or lim infn→∞ tn) is often considered as limn→∞ tn.
Throughout the remainder of this paper, any constant is supposed to be inde-
pendent of n.
Definition 8.2 (Geometric limits of pleated maps). Consider the maximal union
J(fn) of simple geodesic loops in Σn,thin such that lengthΣn(J(fn)) converges to
zero. The union J(fn) is called the joint of fn. Set Σ
∨
n = Σn \ J(fn). Let
Fn,1, . . . , Fn,kn be the components of Σ
∨
n . Fix a base point xn,i of Fn,i with xn,i ∈
Σn,thick and set yn,i = fn(xn,i). Let En,i be the manifold E with yn,i as its base
point. If necessary renumbering ‘i’ of fn,i, one can assume that the sequence {fn,i}
with fn,i = f |Fn,i : Fn,i −→ En,i geometrically converges to a pleated map f∞,i :
F∞,i −→ E∞,i, where all kn (n = 1, 2, . . . ) have the same value k0 and E∞,i is a
geometric limit hyperbolic 3-manifold of {En,i}n. If supn{distEthick(yn,i, yn,j)} <∞
for fixed i, j ∈ {1, . . . , k0}, then one can suppose that E∞,i = E∞,j , and otherwise
E∞,i ∩ E∞,j = ∅. Let E∞ be a maximal union of mutually disjoint E∞,i’s. A
component of E∞,cusp is called an accidental parabolic cusp if it is a geometric
limit of components of Etube. By matching up them, we have an locally pathwise
isometric map f∞ : Σ∞ −→ E∞ satisfying the following conditions.
• Σ∞ is a disjoint union of connected complete hyperbolic surfaces F∞,j (j =
1, . . . , k0) of finite area homeomorphic to Fn,j such that the restriction f∞|F∞,j :
F∞,j −→ E∞ is a pleated map. In particular, Σ∞ is homeomorphic to Σ∨n for
all sufficiently large n.
• There exists the Rn-neighborhood N∞,j;n of f∞(F∞,j,main) in E∞ and a locally
Kn-bi-Lipschitz embedding ζn,j from N∞,j;n to E with limn→∞Rn = ∞ and
limn→∞Kn = 1.
In general, the topological type of E∞ is very complicated. For example, see
Ohshika-Soma [OS]. However, since we are mainly concerned with a bounded neigh-
borhood of f∞(Σ∞,main) in E∞, the complexity does not influence our arguments
severely.
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Now we consider the map
(8.1) ζn : N∞;n = N∞,1;n unionsq · · · unionsq N∞,k0;n −→ E
defined by ζn|N∞,j;n = ζn,j . We denote by En(cusp) (resp. Σn(cusp)) the union of
the components of Ethin (resp. Σn,thin) corresponding to cusps of E∞ (resp. Σ∞)
via ζ−1n . We define Σn(main) = Σn \ IntΣn(cusp). Here ‘(cusp)’ and ‘(main)’ in
parenthesis mean that the eventually cuspidal and permanently main parts of Σn,
respectively. From the conditions as above, the composition ζ−1n,i ◦fn|Fn,j(main) locally
uniformly converges to f∞|F∞,j,main up to marking as n→∞. We say that f∞ is a
limit pleated map of {fn}. Then there exists a Kn-bi-Lipschitz map
(8.2) ξn : Σ∞,main −→ Σn(main)
with ζn ◦f∞ = fn ◦ ξn and limn→∞Kn = 1. We denote by E∞ the union of all ends
Eα of E∞ such that, for any neighborhood N of E in E, the exists a neighborhood
Nα of Eα in E∞ with ζn(Nα ∩N∞;n) ⊂ N for all sufficiently large n.
Now we give the definition of geometric limits of geodesic laminations.
Definition 8.3 (Geometric limits of laminations). A geodesic segment α in a hy-
perbolic surface is called unit if the length of α is one. We say that a sequence of
laminations µn on Σn with compact support geometrically converges to a lamina-
tion µ∞ on Σ∞ if the following (1) and (2) hold.
(1) For any unit geodesic segment α∞ in µ∞ ∩ Σ∞,main, there exist unit geodesic
segments αn in µn ∩ Σn(main) such that ξ−1n (αn) uniformly converges to α∞.
(2) Consider any subsequence of unit geodesic segments αnj in µnj ∩Fnj(main) such
that ξ−1nj (αnj ) is geometrically convergent. Then the limit of ξ
−1
nj (αnj ) is a unit
geodesic segment in µ∞ ∩ Σ∞,main.
Note that a geodesic lamination µ∞ on Σ∞ extending µ∞ ∩ Σ∞,main is uniquely
determined, which is called a limit lamination of {µn}.
Next we will present a method of specifying a sequence of pleated maps geomet-
rically converges to a pleated map in E∞.
Definition 8.4 (Regenerated pleated maps). Let g∞ : Σ∞ −→ E∞ be a pleated
map and Σ∞ = F∞,1 unionsq · · · unionsq F∞,m the decomposition of Σ∞ by connected com-
ponents. Let β∞ be the pleating locus of g∞. If necessary adding some leaves
to β∞, we may assume that β∞ is a full lamination in Σ∞. For j = 1, . . . ,m,
ζn ◦ g∞|F∞,j;main is homotopic to the restriction of a partial pleated map gn,j :
Fj −→ E which realizes a lamination β∞,n,j extending β∞∩F∞,j;main and twisting
around the boundary ∂Fj , where Fj is a hyperbolic surface of geodesic bound-
ary containing a compact core homeomorphic to F∞,j;main. For the uniqueness
of β∞,n,j , we take the orientation of these twisting so as to be compatible with
the orientation on Σ. If β∞,n,j ∩ β∞,n,k 6= ∅ for distinct β∞,n,j and β∞,n,k, then
β∞,n,j ∩ β∞,n,k consists of common compact leaves. We set
β∞,n = β∞,n,1 ∪ · · · ∪ β∞,n,m.
When gn,1, . . . , gn,m form a pleated map gn : Σ(gn) = Fn,1 ∪ · · · ∪ Fn,m −→ E, we
say that gn is the n-th pleated map regenerated from g∞. Here Σ(gn) is supposed
to have the marking so that gn : Σ(gn) −→ E is homotopic to the base pleated map
f0 : Σ0 −→ E. The joint J(gn) of gn is equal to ∂Fn,1 ∪ · · · ∪ ∂Fn,m.
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For any geodesic lamination γ∞ in Σ∞, let γ∞,n be the geodesic lamination in Σn
defined from γ∞ as β∞,n is done from β∞. We say that γ∞,n is the n-th lamination
regenerated from γ∞. In particular, each component of J(gn) is either a leaf of γ∞,n
or disjoint form γ∞,n. Let γn be any laminations in Σ(gn) geometrically converging
to γ∞. Possibly γn has a leaf meeting J(gn) transversely. Since the regenerated
laminations γ∞,n also geometrically converge to γ∞ by the definition, we have the
following lemma immediately.
Lemma 8.5. The laminations γ∞,n and γn are close to each other in Σ(gn)(main)
with respect to the geometric topology, see [Th1, Subsection 8.10] for the definition.
8.2. CAT(−1)-ruled wrappings. Suppose that νn is the realization of the ending
lamination ν in Σn. Let ν∞ be a geometric limit of νn in Σ∞. For any component
F∞ of Σ∞ with ν∞,F = ν∞ ∩ F∞ 6= ∅, let E(−)∞,F be an infinite-volume component
of E∞ \ f∞(F∞) on the side opposite to E∞. Then we have the following lemma.
Lemma 8.6. The restriction ν∞,F = ν∞|F∞ is not the ending lamination of the
end E(−)∞,F of E(−)∞,F .
The reader may suppose that this lemma is obvious. However we need to show
that the phenomenon suggested by the following elementary example does not occur
in our case.
Elementary Example. Suppose that {xn}, {yn} are the sequences in R with
xn = 2n and yn = n. Both the sequences tend toward the (+)-end of R. We
identify a geometric limit (R∞, x∞) of (R, xn) with (R, 0). Then the point y∞,n of
R∞ corresponding to yn is −n in R, and hence it tends toward the (−)-end of R∞.
For our purpose, we use CAT(−1)-ruled wrappings introduced in [So5]. A sim-
ply connected geodesic metric space X is called a CAT(−1)-space if any geodesic
triangle ∆ in X is not thicker than a comparison triangle ∆ in H2, that is, for any
two points s and t in the edges of ∆ and their comparison points s and t in ∆,
distX(s, t) ≤ distH2
(
s, t
)
. A metric space whose universal covering is a CAT(−1)-
space is called a local CAT(−1)-space. See Bridson and Haefliger [BH] for funda-
mental properties of such spaces.
Consider a simple closed geodesic δn in E contained in the infinite-volume com-
ponent of E \ fn(Σn) adjacent to E . Suppose that pn : Zn −→ M \ δn is the
covering associated to fn∗(pi1(Σ)) ⊂ pi1(M \ δn) and Zn is the metric completion
of Zn. By [So5], Z is a local CAT(−1)-space. Then pn is uniquely extended to a
branched covering pn : Zn −→ M branched over δn. A proper homotopy equiva-
lence ρn : Σ −→ Zn is called a CAT(−1)-ruled wrapping (for short a ruled wrapping)
realizing a lamination µ in Σ if, for any leaf l of µ, ρn(l) is a geodesic in Zn and,
for any component ∆ of Σ \ µ, the restriction ρn|∆ : ∆ −→ Zn is a ruled map.
Note that Σ is a local CAT(−1)-space with respect to the metric induced from that
on Zn via ρn. Let {lm} be a sequence of simple closed geodesics in Σ geometri-
cally converges to µ. By the Ascoli-Arzela` Theorem, there exist ruled wrappings
ρn,m : Σm −→ Zn realizing lm and uniformly converging to a ruled wrapping ρn
realizing µ as m → ∞ if µ is not the ending lamination of the (−)-end of Zn.
Strictly, since Zn is not locally compact at any point of Zn \Zn, one can not apply
the Ascoli-Arzela` Theorem directly. We consider a uniformly convergence limit rn
of rn,m = pn ◦ ρn,m : Σ −→M . Since any rn,m are liftable to ρn,m in Zn, rn is also
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liftable to the limit ρn of ρn,m in Zn. The map rn : Σ −→M is also called a ruled
wrapping realizing µ in M with respect to δn.
Proof of Lemma 8.6. We suppose that ν∞,F is the ending lamination of the end
E(−)∞,F of E(−)∞,F and introduce a contradiction. Then E(−)∞,F is homeomorphic to F∞×
(−∞, 0). Take a simple closed geodesic δ∞ in E(−)∞,F such that d = dist(f∞(F∞), δ∞)
is sufficiently large and the realization of δ∞ in Σ∞ meets ν∞,F transversely and
non-trivially. Let δn be the geodesic loop in E corresponding to δ∞ via ζn and
pn : Zn −→M the branched covering branched over δn defined as above. Consider
a ruled wrapping ρn : Σn −→ Zn realizing ν and set rn = pn ◦ ρn. Let νn be
the realization of ν in Σn. Note that rn(Σn) ∩ δn 6= ∅. Otherwise rn would be
an usual pleated map in E realizing ν, a contradiction. One can choose d so large
that rn(Σn \ Fn) ∩ δn = ∅ and hence rn(Fn) ∩ δn 6= ∅. Let r∞ : Σ∞ −→ E∞ be a
geometric limit of rn, ν∞ a geometric limit of νn in Σ∞, and F∞ the component
of Σ∞ such that r∞(F∞) is properly homotopic to f∞(F∞) in E∞. Then we have
r∞(F∞)∩δ∞ 6= ∅. See Figure 8.2. Let {lm} be a sequence of simple closed geodesics
Figure 8.2.
in F∞ converging to ν∞,F = ν∞|F∞ . Since ν∞,F is realized in Z∞ by ρ∞, the
realizations l∗m of lm in Z∞ are contained in an arbitrarily small neighborhood of
ρ∞(F∞) in Z∞. On the other hand, from the definition of ending laminations, l∗m
diverges to the end of Z∞ corresponding to E(−)∞,F , a contradiction. This completes
the proof. 
8.3. Reductions and extensions of pleated maps. Let V be a component of
E∞,cusp with torus boundary and without meeting cusps of f∞(Σ∞). We say that
f∞ is locally scrolled around V if, for any continuous map f ′∞ : Σ∞ −→ E∞ properly
homotopic to f∞, E∞ \ f ′∞(Σ∞) contains a bounded-volume component C with
C∩V 6= ∅. The map f∞ is said to be non-scrolled if f∞ is not locally scrolled for any
components of E∞,cusp with torus boundary. In other words, this means that f∞ is
properly homotopic to an embedding in E∞. Note that, if ∂V is an open annulus,
then f∞ is not locally scrolled around V . The pleated map fn being locally scrolled
or non-scrolled is defined similarly with respect to En(cusp) instead of E∞,cusp. For
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a pleated map f∞ locally non-scrolled around V , we say that f∞(Σ∞) is closer
to E∞ compared with V if, for any continuous map h∞ : Σ∞ −→ E∞ properly
homotopic to f∞ in E∞, V is not contained in an infinite-volume component of
E∞ \ h∞(Σ∞) adjacent to E∞. Otherwise f∞(Σ∞) is far from E∞ compared with
V . Note that the non-scrolling condition here is slightly different from that for
combined pleated maps given in Subsection 1.5.
Suppose that Σ∞ contains a simple closed geodesic l such that f∞(l) is freely ho-
motopic in E∞ to a loop in a component V of E∞,cusp. Then there exists a continu-
ous map h : S1×[0,∞) −→ E with h(S1×{0}) = f∞(l) and limt→∞ lengthE(h(S1×
{t})) = 0. Let f ′∞ : Σ∞ \ l −→ E∞ be a proper continuous map obtained from
f∞|Σ∞\l by a homotopy supported on a small neighborhood of h(A × [0,∞)) in
E∞. Then a pleated map f red∞ : Σ
red
∞ −→ E∞ properly homotopic to f ′∞ is called a
reduction of f∞ with respect to V . We also say that the reduction is done along the
closed geodesic l. Note that Σred∞ is a complete hyperbolic surface homeomorphic to
Σ∞ \ l. If f∞ is not locally scrolled around V and far from (resp. closer to) E∞ com-
pared with V , then the reduction is called a (+)-reduction (resp. (−)-reduction).
Next we consider the case that f∞ : Σ∞ −→ E∞ is a pleated map such that
Σ∞ has mutually disjoint parabolic cusps C1 and C2 with f∞(∂Ci) ⊂ ∂V for
i = 1, 2 and a component V of E∞,cusp. Let A be an (abstract) annulus with
∂A = ∂C1 ∪ ∂C2 and Σ∞,A = (Σ∞ \ C1 ∪ C2) ∪ A. Suppose that there exists an
immersion η : A −→ ∂V with η|∂A = f∞|∂C1∪∂C2 . Note that η is not necessarily
an embedding. A bumped map f∞,A : Σ∞,A −→ E∞ \ IntV of f∞ along A is the
continuous map defined by f∞,A|Σ∞,A\A = f∞|Σ∞\C1∪C2 and f∞,A|A = η. One
can choose η so that f∞,A is not locally scrolled around V . Then A is said to
be a (+)-bumped (resp. (−)-bumped) annulus in ∂V with respect to f∞ if f∞,A is
closer to (resp. far from) E∞ compared with V and denoted by A(+) (resp. A(−)).
If A = A(σ) for σ = ±, then the immersion η is represented as η(σ) : A(σ) −→ ∂V .
The width w(A(σ)) of A(σ) is the distance of the two components of ∂A(σ) with
respect to the euclidean metric on A(σ) induced from that on ∂V via η(σ). In
the case when ∂V is the union η(+)(A(+))∪ η(−)(A(−)) represents the fundamental
class of H2(∂V,Z), where A(−) is the annulus obtained from A(−) by reversing the
orientation. See Figure 8.3. A pleated map f
(σ)
∞ : Σ
(σ)
∞ −→ E∞ properly homotopic
Figure 8.3.
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to f∞,A(σ) is called a (σ)-extension of f∞ with respect to V .
Suppose that there exists a pleated map f
red(σ)
∞ obtained from a reduction
along a closed geodesic in Σ∞ and a (σ)-extension of f∞ with respect to the
same component V of E∞,cusp. Then f
red(σ)
∞ is said to be obtained from f∞ by
a (σ)-transformation through V and denoted by f
(σ)tran
∞ : Σ
(σ)tran
∞ −→ E∞. See
Figure 8.4. For pleated maps fn : Σn −→ E and σ = ±, one can define re-
Figure 8.4. (a) λ is a (+)-accidental parabolic leaf of µ∞. (c)
µ
(+)tran
∞ does not have a (−)-accidental parabolic leaf with respect
to V , but it may contain other (+)-accidental parabolic leaves.
ductions, (σ)-extensions and (σ)-transformations of fn similarly with respect to a
component V of Etube. Here we require the conditions that Σ
red
n contains a sim-
ple closed geodesic l with f redn (l) = core(V ) and f
(σ)(Σ
(σ)
n ) ∩ core(V ) = ∅ and
f (σ)tran(Σ
(σ)tran
n ) ∩ core(V ) = ∅.
Remark 8.7. (i) Let f
′(σ)
∞ : Σ
′(σ)
∞ −→ E∞ be another (σ)-extension of f∞ with
respect to the same component V of E∞,cusp. Consider the n-th regenerated pleated
maps f
(σ)
n : Σ
(σ)
n −→ E and f ′(σ)n : Σ′(σ)n −→ E of f (σ)∞ and f ′(σ)∞ respectively.
Then, for all sufficiently large n, f
(σ)
n is properly homotopic to f
′(σ)
n by a homotopy
mapping Σn(cusp) into En(cusp) all the time. By (8.2), one can show that Σ
(σ)
n(main)
and Σ
′(σ)
n(main) geometrically converge to Σ
(σ)
∞,main and Σ
′(σ)
∞,main respectively as n→∞
under the same marking change. Thus Σ
(σ)
n(main) is K-bi-Lipschitz to Σ
′(σ)
n(main) in the
right marking for some constant K > 1 independent of n. It follows that the
topological type of (Σ
(σ)
∞ , µ
(σ)
∞ ) is independent of the choice of the extension f
(σ)
∞ .
See [Th1, Section 8.5] for the uniqueness of such laminations. On the other hand,
since µ∞ has the causality inherited from the sequence of µn, we may have a
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sequence of laminations µ′n in Σn with µ
′
∞ = µ∞ but µ
′(σ)
∞ is not equal to µ
(σ)
∞ in
Σ
(σ)
∞ .
(ii) Let f red∞ : Σ
red
∞ −→ E∞ be a reduction of f∞ with respect to V . If necessary de-
forming f∞ by a proper homotopy, we may assume that f∞(Σ∞) is sufficiently close
to f red∞ (Σ
red
∞ ) in E∞. Then Σ∞,thin contains an annulus component A correspond-
ing to a parabolic cusp pair C1 ∪ C2 of Σred∞ with f red∞ (C1 ∪ C2) ⊂ V . Then there
exists a marking-preserving bi-Lipschitz map α : Σ∞ \ IntA −→ Σred∞ \ Int(C1∪C2).
As in the case (i), if there exists a sub-lamination γ∞ of µ∞ with γ∞ ∩A = ∅, then
α is properly homotopic to a homeomorphism α′ : Σ∞\IntA −→ Σred∞ \Int(C1∪C2)
such that γred∞ = α
′(γ∞) is a sub-lamination of µred∞ with γ
red
∞ ∩ (C1 ∪C2) = ∅, and
vice versa.
Lemma 8.8. Let µ∞ be a limit lamination in Σ∞ of µn in Σn such that µ∞ has
a sub-lamination γ∞ realized by f∞ : Σ∞ −→ E∞. Let f ′∞ : Σ′∞ −→ E′∞ be a
limit lamination of pleated maps f ′n : Σ
′
n −→ E and µ′∞ a geometric limit in Σ′∞
of the realization µ′n of µn in Σ
′
n. If Σ
′
∞ contains a lamination γ∞ (as a subset)
and f ′∞|γ∞ = f∞|γ∞ holds, then µ′∞ contains γ∞ as a sub-lamination.
Proof. We may assume that γ∞ is connected. Suppose that f [∞ : Σ
[
∞ −→ E[∞
is any limit pleated map such that Σ[∞ contains a sub-lamination γ∞ as a subset
and satisfies f [∞|γ∞ = f∞|γ∞ . We denote by F (f [∞), for short F [, the union of
components of Σ[∞ meeting γ
[
∞ non-trivially. Let F be a maximal set of proper
homotopy classes of the restrictions f [∞|F [ of such maps f [∞. We first repeat (+)-
transformations for f [∞ rel. γ∞ finitely many times so that f
[
∞ is deformed to a
pleated map f
[(1)
∞ which is locally non-scrolled on Σ
[(1)
∞ \ γ∞ and then repeat (+)-
extensions and innermost (+)-reductions rel. γ∞ which change the proper homotopy
class of f
[(k)
∞ |F [(k) . Here the (+)-reduction is said to be innermost if it is a family of
simultaneous (+)-reductions of f
[(k)
∞ |F [(k) along mutually disjoint closed geodesics
l1, . . . , lm in F
[(k) \ γ∞ such that, for the component G[(k) of F [(k) \ l1 ∪ · · · ∪
lm containing γ∞, f
[(k)
∞ |G[(k) does not admits any (+)-reduction rel. γ∞. Such
(+)-operations finish only finitely many times. Otherwise, by the Ascoli-Arzela`
Theorem, there would exist an infinite subsequence f
[(kj)∞ |F [(kj) of f
[(k)
∞ |F [(k) any
entry of which is an innermost (+)-reduced element and such that f
[(kj)∞ |IntH[(kj)
converges to an element f
[(k∗)∞ |F [(k∗) of F , where each H[(kj) is a geodesic subsurface
of F [(kj) containing γ∞ and corresponding to F [(k∗). Since f
[(kj)∞ |F [(kj) are not
properly homotopic to each other, H[(kj) is a proper subspace of F [(kj). This implies
that ∂H[(kj) is a (non-empty) union of closed geodesics in F [(kj) for all sufficiently
large kj . Then f
[(kj)∞ |F [(kj) admits a (+)-reduction along a component of ∂H[(kj).
This contradicts that our (+)-reductions are innermost. So we have a maximal
element fmax∞ |Fmax of F . Note that, for any initial elements f [∞|F [ and f ′[∞|F ′[ of
F , their maximal elements fmax∞ |Fmax and f ′max∞ |F ′max represent the same element
of F . Otherwise, at least one of them, say fmax∞ |Fmax , would admit a (+)-operation
changing the proper homotopy type of fmax∞ |Fmax , a contradiction. This means that
fmax∞ |Fmax is a maximum element of F . Thus, for the pleated maps f∞, f ′∞ given
in this lemma, both f∞|F (f∞) and f ′∞|F (f ′∞) can reach the same fmax∞ |F (fmax∞ ) by
repeating these (+)-operations finitely many times. It follows that there exists a
finite sequence of limit pleated maps f
(i)
∞ : Σ
(i)
∞ −→ E(i)∞ (i = 0, 1, . . . ,m) with
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f
(0)
∞ = f∞, f
(m)
∞ = f ′∞, f
(i)
∞ |F (i) ∈ F , f (i0)∞ = fmax∞ for some 0 ≤ i0 ≤ m and such
that either (f
(i+1)
∞ )red|F (i) = f (i)∞ |F (i) or (f (i)∞ )red|F (i+1) = f (i+1)∞ |F (i+1) or f (i)∞ |F (i) is
properly homotopic to f
(i+1)
∞ |F (i+1) rel. γ∞ in E∞ for i = 0, . . . ,m−1, where F (i) =
F (f
(i)
∞ ). By applying arguments in Remark 8.7 (ii) to the restrictions f
(i)
∞ |F (i) , one
can show inductively that any limit lamination µ
(i)
∞ in Σ
(i)
∞ , in particular µ′∞ in Σ
′
∞,
contains γ∞ as a sub-lamination. 
8.4. Accidental parabolic leaves of limit laminations. As in the previous
subsection, let µn be laminations in Σn geometrically converging to a lamination
µ∞ in Σ∞. A compact leaf λ of µ∞ is called accidental parabolic if f∞(λ) is freely
homotopic in E∞ to a component Vλ of E∞,cusp. In the case when f∞ is not locally
scrolled around Vλ, λ is called a (+)-accidental parabolic leaf if V is closer to E∞
compared with f∞(Σ∞), otherwise λ is a (−)-accidental parabolic leaf.
A component V of E∞,cusp is called accidental with respect to f∞ if V meets
f∞(Σ∞) non-trivially and corresponds to a component of En(cusp) \Ecusp via ζn for
all sufficiently large n. We denote by V(f∞) the union of accidental components of
E∞,cusp with respect to f∞ and by VT (f∞) the sub-union consisting of components
V of V(f∞) with torus boundary. We denote by V(fn) the union of component
Vn of En(cusp) corresponding to components of V(f∞) via ζn. Suppose that A(±)n
are (±)-bumped annuli in ∂Vn with respect to fn and µ(+)n is the realization of
µn in the (+)-bumped surface Σn,A(+)n
along A
(+)
n . We say that µn is stably (+)-
extendable with respect to Vn if supn
{
length
A
(+)
n
(α
(+)
n )
}
< ∞ for any leaf α(+)n of
µ
(+)
n |A(+)n . Thus µn is not stably (+)-extendable with respect to Vn if and only if
either limn→∞ w(A
(+)
n ) = ∞ or any leaf of µ(+)n |A(+)n spirals around the inside of
A
(+)
n arbitrarily many times for all sufficiently large n. The stable (−)-extendability
for µn with respect to Vn is defined similarly.
Let An be a hyperbolic annulus and ηn : An −→ Vn a proper ruled homotopy
equivalence realizing a lamination λn on An each leaf αn of which connects the two
components of ∂An. Let A
(±)
n be the bumped annuli in ∂Vn with respect to ηn and
λ
(±)
n the lamination on A
(±)
n realizing λn.
Lemma 8.9. With the notation as above, suppose that ηn|∂An geometrically con-
verges to a continuous map η∞,∂ : ∂A∞ −→ V . If there exist leaves αn of λn
with supn
{
lengthAn(αn)
}
<∞, then λn is either stably (+) or (−)-extendable with
respect to Vn.
Proof. Suppose that λn is not stably (+)-extendable with respect to Vn. Since the
length of αn in An is equal to that of ηn(αn) in E, the diameter of An is less than
a constant independent of n. Thus we may assume that ηn geometrically converges
to a proper ruled map η∞ : A∞ −→ V extending η∞,∂ and realizing a geometric
limit λ∞ of λn, where A∞ is a hyperbolic annulus bounded by ∂A∞. Note that any
leaf of λ∞ is a geodesic segment connecting the two components of ∂A∞. Since V
is either a Z×Z or Z-cusp, there exists a continuous map η̂∞ : D2×S1 −→ V such
that η̂∞(b(0) × S1) = η∞(A∞) and η̂∞(b(−) × S1) ⊂ ∂V , where b(0) and b(−) are
arcs in ∂D2 with ∂D2 = b(0) ∪ b(−) and Intb(0) ∪ Intb(−) = ∅. For any sufficiently
large n, there exists a continuous map η̂n : D
2 × S1 −→ Vn obtained by slightly
modifying ζn ◦ η̂∞ such that η̂n(b(0) × S1) = ηn(An) and η̂n(b(−) × S1) = A(−)n .
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Since the lamination λ
(−)
n on A
(−)
n is arbitrarily approximated by η̂n(λ
(−)
∞ ) for any
sufficiently large n, λn is stably (−)-extendable with respect to Vn. 
Lemma 8.10. Suppose that µn are not the ending lamination of any end of M
other than E. If µ∞ contains a (−)-accidental parabolic leaf l, then µn is realizable
in E for any sufficiently large n.
Proof. Let V be the component of E∞,cusp corresponding to l. Suppose that f red∞ :
Σred∞ −→ E∞ is a reduction of f∞ with respect to V and f redn : Σredn −→ E is
the n-th pleated map regenerated from f red∞ . Then the closed geodesic ln in Σ
red
n
corresponding to l is realized by f redn . If µn contains ln as a leaf, then µn is
realizable in E. So it suffices to consider the case when µn meets ln transversely.
Let f⊥n : Σ
⊥
n −→ E be a piecewise totally geodesic map such that (i) f⊥n (ln) =
f redn (ln), (ii) Σ
⊥
n \ ln has no vertices, and (iii) for any leaf α of µn \ ln, f⊥n (α)
is a geodesic in E properly homotopic to f redn (α) by a homotopy without moving
any end points of α in ln. Since limn→∞ lengthE(f
⊥
n (ln)) = 0, for any point x of
f⊥n (α) ∩ ∂Vn, the angle ∠x(f⊥n (α), ∂Vn) in E is arbitrarily close to pi/2 and hence
|∠x(f⊥n (α), ∂Vn)− pi2 | < 1/d(ε) for all sufficiently large n, where d(ε) is the constant
given in Lemma 8.1. See Figure 8.5. Let f
(σ)
n,A : Σ
(σ)
n,A −→ E (σ = ±) be (σ)-bumped
Figure 8.5.
maps of f⊥n with respect to Vn and A
(σ)
n the (σ)-bumped annulus in ∂Vn, where Vn
is the component of En(cusp) corresponding to V . We denote by µ
(σ)
n,A the realization
of µn in Σ
(σ)
n,A.
Let f⊥∞ : Σ∞ −→ E⊥∞ be a geometric limit of f⊥n and µ⊥∞ a limit lamination
of µ⊥n in Σ
⊥
∞. Let F
red and F⊥ be the unions of components of Σred∞ and Σ
⊥
∞
respectively with parabolic cusps mapped into V . When supn{w(A(+)n )} < ∞,
f⊥∞|F⊥ is obtained from f red∞ |F red via interpolating maps f (i)∞ |F (i) as in the proof
of Lemma 8.8. Here we use the set F consisting of proper homotopy classes of
f [∞|F (f[∞) such that F (f [∞) is the union of components of Σ[∞ containing a parabolic
cusp C with f [∞(C) ⊂ V . Then the (+)-extension f⊥(+)∞ |F⊥(+) with respect to V
VOLUME AND STRUCTURE OF HYPERBOLIC 3-MANIFOLDS 45
is obtained from the (+)-extension f
red(+)
∞ |F red(+) = f∞|F∞ with respect to V via
the interpolating maps f
(i)(+)
∞ |F (i)(+) , where F∞ = F red(+) is the component of
Σ∞ containing l. Since l is a (−)-accidental parabolic leaf of µ∞|F∞ , by Remark
8.7 (ii) µ
⊥(+)
∞ |F⊥(+) also have a (−)-accidental parabolic leaf corresponding to l.
This implies that µ⊥n is not stably (+)-extendable with respect to Vn.
Suppose that pn : Zn −→M \core(Vn) is the covering associated to f∗(pi1(Σ)) ⊂
pi1(M \ core(Vn)), where f : Σ −→ E is a fixed pleated map far from E compared
with Vn. Then pn is extended to a branched covering pn : Zn −→M branched over
core(Vn). Let rn : Σn −→ E be a CAT(−1)-ruled wrapping with respect to core(Vn)
realizing µn in (M, core(Vn)). If µn were not realizable in E for infinitely many n,
then as in the proof of Lemma 8.6, rn(Σn) would meet core(Vn) non-trivially. Since
Σn is a locally CAT(−1)-surface, the injectivity radius of Σn at any point xn with
rn(xn) ∈ core(Vn) converges to zero as n→∞ as in the case of hyperbolic surfaces.
It follows from this fact that f⊥n can be taken so that f
⊥
n (Σ
⊥
n ) ∩ (E \ IntVn) is
arbitrarily close to rn(Σn) ∩ (E \ IntVn) for all sufficiently large n. Moreover, for
any component αn of µn ∩ r−1n (Vn), rn(αn) is a geodesic arc of arbitrarily large
length with respect to the locally CAT(−1)-metric on (M, core(Vn)), where µn is
the realization of µn in Σn. It follows that µ
⊥
n is not stably (−)-extendable with
respect to Vn. By Lemmas 8.1 and 8.9 µn is realizable in E as a small curvature
lamination and hence a geodesic lamination in E, a contradiction. Intuitively we
have shown that the realization of µn can not pass through core(Vn) toward the
(+)-side of f⊥n (Σ
⊥
n ). Thus µn is realizable in E. 
9. Supervising markings and limit of earthquakes
In this section, we work under conditions and notations the same as in the
previous section. To compare structures of limit hyperbolic surfaces, we introduce
the notion of supervising markings. The deformation of such structures is studied
by using limits of left earthquakes on the supervising space Σ\.
9.1. Supervising markings and partially realizable laminations. Recall that
fn : Σn −→ E are pleated maps tending toward the end E of E. We know that
the hyperbolic structures on Σn are not in a bounded region of the Teichmu¨ller
space Teich(Σ). Let Σ\ be the surface Σ with a fixed hyperbolic structure of finite
area. Then the following lemma is obtained immediately from standard facts on
hyperbolic geometry.
Lemma 9.1. There exists a constant K > 1 and a sufficiently small δ > 0 satisfying
the following condition.
• For some unions Jn (n = 1, 2, . . . ) and J∞ of components of H\, there exist
K-bi-Lipschitz maps hn : Σ
\
main \ IntNδ(Jn) −→ Σn(main) and h∞ : Σ\main \
IntNδ(J∞) −→ Σ∞,main such that ξ−1n ◦ hn converges uniformly to h∞, where
ξn : Σ∞,main −→ Σn(main) is a Kn-bi-Lipschitz map with limn→∞Kn = 1 given
in (8.2).
Note that the components of J∞ bijectively correspond to the components of
V(f∞). We may assume that all Jn and J∞ are the same union J0 of components
of H\. Set Σ\main,δ− = Σ\main \ IntNδ(J0) and fix a hoop family H\ of Σ\ with
H\ ⊃ J0. A limit lamination µ∞ in Σ∞ or µ∞ in Σ∞ is said to be supervised by
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a lamination µ\∞ in Σ
\ if µ∞|Σ∞,main is properly homotopic to h∞
(
µ\∞|Σ\main,δ−
)
in
Σ∞,main. We say that h∞ is a supervising marking of Σ∞ by Σ\. Let ĥn : Σ\ −→ Σn
be a homeomorphism extending hn and such that ĥn(J0) is equal to the joint
J(fn) of fn (see Definition 8.2) and the following diagram is commutative, where
in : Σ∞,main −→ Σ∞ are jn : Σn(main) −→ Σn are the inclusions.
(9.1)
Σ\main,δ−
h∞−−−−→ Σ∞,main f∞◦in−−−−−→ E∞
inclusion
y yjn◦ξn yζn (locally)
Σ\ −−−−−→
ĥn
Σn −−−−−→
fn
E
A lamination µ∞ in Σ∞ is said to be supervised by a lamination µ\∞ in Σ
\ if
µ∞|Σ∞,main is properly homotopic to h∞
(
µ\∞|Σ\main,δ−
)
in Σn.
Suppose that f
(+)
∞ : Σ
(+)
∞ −→ E∞ is a pleated map obtained from f∞ by per-
forming all possible (+)-extensions and f
(+)
n : Σ
(+)
n −→ E are the n-th regenerated
pleated maps. Let µ
(+)
n be the realization of µn in Σ
(+)
n and µ
(+)
∞ a geometric limit
of µ
(+)
n in Σ
(+)
∞ . Then one can suppose that supervising markings ĥn : Σ\ −→ Σn
and ĥ
(+)
n : Σ\ −→ Σ(+)n satisfy ĥn = αn◦ĥ(+)n for some marking and hoop-preserving
homeomorphism αn : Σ
(+)
n −→ Σn if necessary replacing the constant K in Lemma
9.1 by a larger number. Under this setting, we may assume that the supervising
laminations µ\∞ and µ
(+)\
∞ are equal to each other in Σ\. A (−)-accidental para-
bolic leaf l of µ
(+)
∞ is said to be produced by a (+)-extension of µ∞ if f∞(µ∞) meets
non-trivially the component V of E∞,cusp which contains a loop freely homotopic
to f
(+)
∞ (l) in E∞.
Definition 9.2 (Partially realizable laminations). Suppose that µ\∞ is a lamination
in Σ\ supervising a limit lamination µ∞ in Σ∞. Then µ\∞ is said to be partially
realizable in E∞ if µ\∞ contains a connected sub-lamination µ
\real
∞ which supervises
the (possibly empty) sub-lamination µreal∞ of µ∞ in Σ∞ satisfying the following
conditions.
(1) µreal∞ is realizable in E∞.
(2) Any (+)-extension of µreal∞ produces a (−)-accidental parabolic leaf of µreal(+)∞ .
By (1), µreal∞ does not contain any accidental parabolic leaves. By (2), µ
real
∞ = ∅
means that µ
real(+)
∞ consists of a single (−)-accidental parabolic leaf.
We fix a lamination ν\∞ in Σ
\ supervising the limit ending lamination ν∞ in Σ∞.
Lemma 9.3. The lamination ν\∞ is not partially realizable in E∞.
In the proof below, the n-th regenerated lamination νreal∞,n plays a role of an
anchor which prevents f engn from being driven toward the end E .
Proof. Suppose that ν\∞ contains a connected sub-lamination ν
\real
∞ supervising a
lamination νreal∞ which satisfies the conditions of Definition 9.2 and show that this
assumption introduces a contradiction.
By Lemma 8.10, νreal∞ is not empty. One can suppose that f∞ : Σ∞ −→ E∞
itself realizes νreal∞ and fn realizes the n-th regenerated lamination ν
real
∞,n of ν
real
∞ .
Let f engn : Σ
eng
n −→ E be a pleated map realizing νreal∞,n and satisfying the following
engulfing conditions for all sufficiently large n.
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(i) f engn |Σengn \νreal∞,n does not have any (+)-extensions or (+)-transformations with
respect to components of Etube.
(ii) Volbd(f0, f
eng
n ) is the maximum among all pleated maps satisfying (i).
The existence of such a pleated map f engn is guaranteed by the Ascoli-Arzela` The-
orem. A limit pleated map f eng∞ : Σ
eng
∞ −→ Eeng∞ of f engn realizes νreal∞ and satisfies
f eng∞ |νreal∞ = f∞|νreal∞ , see the paragraph preceding Lemma 8.5. Note that νreal∞ is a
sub-lamination of ν∞. By Lemma 8.8, a limit lamination νeng∞ in Σ
eng
∞ contains ν
real
∞
as a sub-lamination. It follows from this fact together with Definition 9.2 (1) and
the condition (i) for f engn that ν
eng
∞ has no (+)-accidental parabolic leaves. Besides,
by Lemma 8.10, νeng∞ has no (−)-accidental parabolic leaves.
Let Geng∞ be any component of Σ
eng
∞ and let ν
eng
∞,G = ν
eng
∞ |Geng∞ . If νeng∞,G were the
ending lamination of the (+)-end Eeng∞,G of Eeng∞ adjacent to Geng∞ , then Geng∞ ∩νreal∞ =
∅ and there would exist a partial pleated map aa∞ : Ga∞ −→ Eeng∞ properly homo-
topic to f eng∞ |Geng∞ and closer to Eeng∞,G compared with f eng∞ |Geng∞ . Let fa∞ : Σa∞ −→
Eeng∞ be the pleated map with Σ
a
∞ = (Σ
eng
∞ \Geng∞ )∪Ga∞, fa∞|Σa∞\Ga∞ = f eng∞ |Σeng∞ \Geng∞
and fa∞|Ga∞ = aa∞. Then the n-th pleated map fan : Σan −→ E regenerated from
fa∞ satisfies (i) and Vol
bd(f0, f
a
n ) > Vol
bd(f0, f
eng
n ). This contradicts that f
eng
n
satisfies (ii). Moreover, by Lemma 8.6, νeng∞,G is not the ending lamination of the
(−)-end of Eeng∞ adjacent to Geng∞ . This shows that νeng∞ is realizable in Eeng∞ . We
may assume that f eng∞ itself realizes ν
eng
∞ . By Lemma 8.5, ν
eng
n |Σengn(main) is realized in
E \ IntV(f engn ) as a union of geodesic arcs contained in an arbitrarily small neigh-
borhood of f engn (Σ
eng
n ) in E for all sufficiently large n. Let Vn be any component
of V(f engn ). By Definition 9.2 (2) and the condition (i), νengn is not stably (+)-
extendable with respect to Vn. Here we note that, by an argument in the second
paragraph of the proof of Lemma 8.10, the property (2) of Definition 9.2 for νreal∞
as a sub-lamination of ν∞ implies that for νreal∞ as a sub-lamination of ν
eng
∞ . Then
one can prove that ν is realizable in E by an argument quite similar to that for the
CAT(−1)-ruled wrapping rn in the last paragraph of the proof of Lemma 8.10. So
we have a contradiction, which completes the proof. 
9.2. Loop packings for limit ending sub-laminations. Let λ\n be maximal
disjoint unions of simple closed geodesics in Σ\ which geometrically converge to a
geodesic lamination λ\∞. Then λ
\
∞ is a maximal lamination in Σ
\, that is, Σ\ \ λ\∞
contains no simple closed geodesics. We say that λ\∞ is a loop packing for a (possibly
empty) sub-lamination ν\sub∞ of ν
\
∞ if the following conditions hold.
• The union λ\∞ ∪ ν\sub∞ is also a lamination in Σ\.
• Any leaf l of λ\∞ \ ν\sub∞ is either a closed geodesic or an isolated geodesic line
in λ\∞ ∪ ν\sub∞ , that is, there exists a short geodesic arc α in Σ\ meeting l
transversely in a single point and with (λ\∞ ∪ ν\sub∞ \ l) ∩ α = ∅.
Now we will prove the following lemma.
Lemma 9.4. Let λn be maximal disjoint unions of simple closed geodesics in Σn.
Suppose that λ\n are laminations in Σ
\ supervising λn and geometrically converging
to a loop packing λ\∞ for a sub-lamination ν
\sub
∞ of ν
\
∞. Then any pleated maps
gn : Σ(gn) −→ E realizing λn satisfy supn
{
Volbd(gn, fn)
}
<∞.
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Proof. By Lemma 8.10, νsub∞ contains no (−)-accidental parabolic leaves. Let
f
(1)
∞ : Σ
(1)
∞ −→ E∞ be a pleated map obtained from f∞ by performing all pos-
sible reductions along the (−)-accidental parabolic leaves of λ∞ \ νsub∞ . Then the
limit lamination λ
(1)
∞ of λn in Σ
(1)
∞ has no (−)-accidental parabolic leaves. More-
over, by Lemma 8.6, any component of λ
(1)
∞ is not the ending lamination of any
(−)-side component of E∞ \ f (1)∞ (Σ(1)∞ ). We perform repeatedly reductions along
the accidental parabolic leaves of λ
(1)
∞ and then (+)-extensions of f
(1)
∞ which do
not produce new (−)-accidental parabolic leaves. The resulting pleated maps are
denoted by f
(m)
∞ (m = 2, 3, . . . ). Let f
(m)
n : Σ
(m)
n −→ E be the n-th pleated map
regenerated from f
(m)
∞ . We denote by λ
(m)
n the realization of λn in Σ
(m)
n and by
λ
(m)
∞ the limit lamination of λ
(m)
n in Σ
(m)
∞ . Suppose that the process finishes finitely
many times, say m0 times. If λ
(m0)∞ is realizable in E∞, then we may assume that
λ
(m0)∞ is realized by f
(m0)∞ itself. By Lemma 8.9, for any leaf αn of λ
(m0)
n |V(f(m0)n ),
f
(m0)
n (αn) is homotopic rel. ∂αn is a geodesic segment of E with arbitrarily large
length for all sufficiently large n. It follows from Lemmas 8.1 and 8.5 that f
(m0)
n
arbitrarily approximates gn for all sufficiently large n. Then there exists a constant
C0 > 0 with
Volbd(gn, fn) < Vol
bd(f (m0)∞ , f∞) + C0.
If λ
(m0)∞ is not realizable, then λ
(m0)∞ has a component which is the ending lamination
of some (+)-side component of E∞ \ f (m0)∞ (Σ(m0)∞ ). Then we have
(9.2) lim
n→∞Vol
bd(gn, fn) = − lim
n→∞Vol
bd(fn, gn) = −∞.
Next we suppose that the process does not finish finitely many times. Let Vn
be any component of En(cusp) \ Ecusp which are not closer to E compared with
f
(m)
n (Σ
(m)
n ), possibly Vn ∩ f (m)n (Σ(m)n ) 6= ∅. Fix a pleated map f : Σ −→ E closer
to E compared with Vn. Recall the argument in the proof of Lemma 8.10 which
uses a CAT(−1)-ruled wrapping with respect to the branched covering extending to
the covering associated to f∗(pi1(Σ)) ⊂ pi1(M \ core(Vn)). Then one can prove the
following fact. For any m ∈ N, gn(Σ(gn)) is closer to E compared with core(Vn).
Intuitively it says that the realization of λn can not pass thorough core(Vn) toward
the (−)-side of f (m)n (Σ(m)n ). So we have (9.2) again. This completes the proof. 
9.3. Geometric limits of earthquakes. In this subsection, we present the notion
and fundamental properties of earthquakes introduced by Thurston, see [Ker, Th2]
for details.
Let Σ\ be the supervising hyperbolic surface given in the previous subsection.
For a given simple closed geodesic l in Σ\, let Σ′ be the hyperbolic surface obtained
from Σ\\l by the path-metric completion. The boundary of Σ′ consists of two copies
of l. For any t ≥ 0, we denote by Σt the hyperbolic surface gluing the boundary
components of Σ′ by the left twist of distance t. Then the identity of Σ\ \ l induces
a locally isometric map Qtl : Σ
\ \ l −→ Σt. Let lt be the closed geodesic in Σtl
corresponding to the boundary components of Σ′. Consider a simple geodesic arc α
in Σ\ meeting l transversely. Let α∨tl be the piecewise geodesic arc in Σtl obtained
by connecting the components of Qtl(α \ l) with left directed immersed arcs in lt
of length t. Suppose that α is either a closed geodesic or a geodesic line. Then
we denote by αtl the geodesic in Σtl which is covered by a geodesic line in the
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universal covering space H3 with the same end points as a lift of α∨tl. When α
is a geodesic segment, αtl is the geodesic segment in Σtl homotopic rel. ∂αtl to
α∨tl. We say that αtl is the straightened geodesic arc in Σtl obtained from α. A
marking qtl : Σ
\ −→ Σtl associated with Qtl is a homeomorphism such that, for
any simple closed geodesic α meeting l transversely, qtl(α) is freely homotopic to
the straightened geodesic loop αtl in Σtl. Such a homeomorphism is determined
uniquely up to homotopy. Thus the pair (Σtl, qtl) of the hyperbolic surface Σtl with
the marking qtl uniquely determines an element of the Teichmu¨ller space Teich(Σ).
We say that Qtl is the left Finchel-Nielsen twist along tl.
Definition 9.5 (Left earthquakes). For any measured lamination ω in Σ\ with
compact support, consider a sequence of weighted simple closed geodesics tnln in
Σ\ converging to ω as measured laminations. Then the sequence of the left Finchel-
Nielsen twists Qtnln converges to a locally isometric map Qω : Σ
\ \ ω −→ Σω
uniformly on any compact subset of Σ\ \ ω for some hyperbolic surface Σω, see
[Ker, Section II] and [Th2] for details. We say that Qω is the left earthquake
associated with ω.
The map Qω satisfies the following properties.
• Qω does not depend on the choice of the sequence tnln converging to ω.
• Let σ(ω) be the union of compact leaves of ω. Then Qω is uniquely extended
to a continuous map on Σ\ \ σ(ω), which is still denoted by Qω.
• For any geodesic arc α meeting ω transversely, the sequence of the piecewise
geodesic arcs α∨tnln converges uniformly to a piecewise geodesic segment α
∨
ω in
Σω. Let αω be the straightened geodesic arc in Σω obtained from α
∨
ω .
• A marking qω : Σ\ −→ Σω associated with Qω is defined by the manner as in
the case of qtl. Then (Σtnln , qtnln) converges to (Σω, qω) in Teich(Σ).
Theorem 9.6 ([Ker, Theorem 2], [Th2, Corollary 5.4]). For any element (Σ, q) in
Teich(Σ), there exists a unique measured lamination ω on Σ with compact support
and satisfying (Σ, q) = (Σω, qω) in Teich(Σ).
Suppose that E′ = ϕ(E) is a neighborhood of a simply degenerate end E ′ of
M ′ whose ending lamination ν′ is the same as ν via ϕ. Let g′n : Σ
′
n −→ E′ be a
pleated map realizing the hoop family H(fn) of Σn. Since the realizations of H(fn)
in Σ(g′0) converges to ν = ν
′, the sequence of g′n tends toward the end of E
′.
There exists a homeomorphism ϕn : Σn −→ Σ′n such that g′n ◦ ϕn is properly
homotopic to ϕ ◦ fn. Let ĥn : Σ\ −→ Σn and ĥ′n : Σ\ −→ Σ′n be homeomorphisms
as in (9.1). The domains of ĥn and ĥ
′
n are denoted by Σ
\high and Σ\low respectively
if we need to distinguish them. By Theorem 9.6, for the element (Σ\low, qn) of
Teich(Σ) with qn = ĥ
′−1
n ◦ϕn ◦ ĥn, there exists a unique measured lamination ωn on
Σ\high the left earthquake Qωn of which has qn as an associated homeomorphism.
Thus we have the following diagram such that ĥ′n ◦ qn = ϕn ◦ ĥn and ϕ ◦ fn is
properly homotopic to g′n ◦ ϕn.
(9.3)
Σ\high
ĥn−−−−→ Σn fn−−−−→ E
qn
y yϕn yϕ
Σ\low −−−−→
ĥ′n
Σ′n −−−−→
g′n
E′
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Let g′∞ : Σ
′
∞ −→ E′∞ be a geometric limit pleated map of g′n. Suppose that η′\∞
is a geometric limit of qn(H\) in Σ\low and η′∞ is the geometric limit of g′n(H(fn))
in Σ′∞ supervised by η
′\
∞. Since H\ is a maximal lamination in Σ\high, η′\∞ is also a
maximal lamination in Σ\low.
Lemma 9.7. Any connected sub-lamination γ′\∞ of η
′\
∞ satisfies the conditions (1)
and (2) of Definition 9.2.
Proof. Since g′n realizes H(fn) in E′ for any n, g′∞ realizes η′∞ and hence does
γ′∞, which is the condition (1). Suppose that g
′
∞ has a (+)-extension with respect
to a component V ′ of V(g′∞) with lV ′ ∩ γ′\∞ 6= ∅, where lV ′ is the simple closed
geodesic in Σ\ the neighborhood of which corresponds to V ′ via g′∞ ◦ h′∞. Let V ′n
be the component of V(g′n) corresponding to V ′. Since g′−1∞ (V ′) is a union of two
parabolic cusps in Σ′∞, each component αn of H(fn) ∩ g′−1n (Vn) is either a closed
geodesic in Σn(cusp) or an arbitrarily long geodesic arc in Σ
′
n if n is large enough.
In the latter case, since g′n(αn) is a geodesic arc in V
′
n, limn→∞ lengthV ′n(g
′
n(αn)) =
limn→∞ lengthΣ′n(αn) = ∞. Hence, in either case, the extension produces a (−)-
parabolic accidental loop. This shows that γ′\∞ satisfies the condition (2). 
Let ω∞ be a geometric limit of ωn in Σ\high with the limit transverse measure
and ω̂∞ the sub-lamination of ω∞ consisting of leaves l such that, for any open
geodesic segment α in Σ\high meeting l transversely and non-trivially, the transverse
measure of ω̂∞ along α is infinite. Possibly ω̂∞ is empty. We consider the measured
laminations ωlown in Σ
\low homotopic to qn(ωn). For any geodesic arc (or loop) α
in Σ\high meeting ωn transversely, let α
∨
n be the piecewise geodesic segment in
Σ\low obtained by connecting the components of Qωn(α) and αn the straightened
geodesic arc (or loop) in Σ\low obtained from α∨n . By the Gauss-Bonnet Theorem,
for any non-isolated compact leaf l of ω̂∞, the number of leaves of ω̂∞ spiraling
around l is less than a positive integer depending only on the Euler characteristic
of Σ. In particular, such spiraling leaves are isolated. Let `(ω̂∞) be the union of
compact or isolated leaves l of ω̂∞. We set ω̂	∞ = ω̂∞ \ `(ω̂∞). It is well known
that each component µ∞ of ω̂	∞ is minimal, that is, µ∞ does not have a proper
sub-lamination, for example see Proposition in Levitt [Le, §2].
Lemma 9.8. Let µ∞ be a component of ω̂	∞ which is not a closed geodesic and
let α be a short geodesic arc in Σ\high such that Intα meets µ∞ transversely and
non-trivially. Then the straightened geodesic arcs αn contain sub-arcs geometrically
converging to a connected geodesic lamination in Σ\low.
Proof. Since µ∞ is a connected minimal lamination without compact leaves, Z =
α ∩ µ∞ is a perfect set. Let β be the shortest segment in α containing Z. Fix an
element z∞ of Z ∩ Intβ which is accumulated by points of Z from the both sides of
z∞ in β. For all sufficiently large n, Intβ∩ωn contains a point xn converging to z∞.
Let β∨n be the piecewise geodesic sub-segment of α
∨
n and βn the sub-segment of αn
corresponding to β via Qωn . Then we have the intersection point x
low
n of a leaf of
ωlown and βn corresponding to xn. From standard facts on earthquakes (for example
see Corollary 3.4 and Proposition 3.5 in [Ker]), we know that length(β+n ) → ∞
and length(β−n ) → ∞ as n → ∞, where β±n are the components of βn \ {xlown }.
This shows that βn geometrically converges to a connected geodesic lamination in
Σ\low. 
Lemma 9.9. ω̂	∞ is a sub-lamination of ν
\
∞.
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Proof. We suppose that ν\∞ has a short geodesic arc α meeting a leaf l of ω̂
	
∞ trans-
versely and non-trivially and show that ν′\∞ contains a connected sub-lamination
β∞ which satisfies the conditions (1) and (2) of Definition 9.2. Moreover we prove
that β∞ supervises a non-empty lamination in Σ′∞. Then ν
′\
∞ is locally realizable
in E′∞, which contradicts Lemma 9.3. This show that ω̂
	
∞ ∪ ν\∞ is a lamination in
Σ\high. Since ν\∞ is a full lamination in Σ
\high, ω̂	∞ is contained in ν
\
∞.
From the definition of ω̂	∞, l is non-compact. Hence in particular l is not a
component of H\. So we may assume that α ∩ H\ = ∅ if necessary shortening
or slightly shifting α. By Lemma 9.8, ν′\∞ contain a connected sub-lamination β∞
which is not transverse to η′∞, where η
′\
∞ is a geometric limit of qn(H\) defined
as before. It follows from the maximality of η′\∞ that η
′\
∞ ∪ β∞ is also a maximal
lamination in Σ\low. Thus β∞ \ η′\∞ either is empty or consists of finitely many
isolated non-compact geodesic lines asymptotically approaching η′\∞. By Lemma
9.7, β∞ satisfies the conditions (1) and (2) of Definition 9.2. Thus we have obtained
our desired contradiction. 
10. Proof of Theorem C
In this section, we prove Theorem C and Corollary D under the notations as in
Sections 8 and 9.
10.1. Boundedness of volume difference. The following lemma plays a crucial
role in the proof of Theorem C.
Lemma 10.1 (Volume Difference Boundedness Lemma). At least one of the fol-
lowing (V1) and (V2) holds.
(V1) There exists a sequence of pleated maps fn : Σ(fn) −→ E tending toward E
and such that, for pleated maps g′n : Σ(g
′
n) −→ E′ realizing H(fn),
sup
n
{
Volbd(f0, fn)−Volbd(f ′0, g′n)
}
<∞.
(V2) There exists a sequence of pleated maps f ′n : Σ(f
′
n) −→ E′ tending toward E ′
and such that, for pleated maps gn : Σ(gn) −→ E realizing H(f ′n),
sup
n
{
Volbd(f ′0, f
′
n)−Volbd(f0, gn)
}
<∞.
Here we suppose that (V1) does not hold. Then any sequence {fn} as in (V1)
satisfies
(10.1) lim
n→∞(Vol
bd(f0, fn)−Volbd(f ′0, g′n)) =∞.
Under the condition (10.1), we will show that (V2) holds.
Let µ be a sub-lamination of a lamination µ̂ in Σ\. If a non-compact leaf u of µ
is isolated in µ, then u is isolated also in µ̂. In fact, either side of u is a boundary
of a component of Σ\ \ µ, which is the interior of a geodesic surface of finite area.
So u is not approximated by leaves of µ̂ \ µ.
Proof of Lemma 10.1. For the hoop family H\low of Σ\low, consider the union λ\n
of closed geodesic curves in Σ\high homotopic to q−1n (H\low), where qn is a home-
omorphism as in (9.3) with Σn = Σ(fn) and Σ
′
n = Σ(g
′
n). Then λ
\
n geometrically
converges to a geodesic lamination λ\∞ in Σ
\high. If λ\∞ had an arc meeting ω̂∞
transversely and non-trivially, then the length of H\low would diverge to infinity, a
contradiction. Thus the union λ\∞ ∪ ω̂∞ is a lamination in Σ\high.
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First we prove that λ\∞ is a loop packing for a sub-lamination of ν
\
∞. For any
component l of H\low, let ln be the component of λ\n corresponding to l via q−1n .
Let l∞ be a geometric limit of ln in Σ\high. For our purpose, we need to show that
each non-compact leaf u of l∞ \ ω̂∞ is isolated in λ\∞ ∪ ω̂∞.
LetM be a maximal union of mutually disjoint simple closed geodesics in Σ\high\
ω̂∞. From the maximality ofM, if u∩M = ∅, then u is an isolated geodesic line in
λ\∞ ∪ ω̂∞. If ln is a component ofM for all sufficiently large n, then l∞ is a closed
geodesic. So it suffices to consider the case when there exists a component m ofM
meeting ln transversely and non-trivially. Let mn be the closed geodesic in Σ
\low
freely homotopic to qn(m). Since m ∩ ω̂∞ = ∅, supn{lengthΣ\(mn)} < ∞. Let c0
be the length of a shortest closed geodesic in Σ\. Then infn{lengthΣ\(mn)} ≥ c0.
Thus there exist constants ε0 > 0 and i0 ∈ N such that
(10.2) ε0 < ∠xn(mn, l) < pi − ε0 (xn ∈ mn ∩ l) and i(mn, l) ≤ i0
for all sufficiently large n, where i(mn, l) is the geometric intersection number of
mu and l. We will show that there exists a constant δ0 > 0 with
(10.3) δ0 < ∠yn(m, ln) < pi − δ0 (yn ∈ m ∩ ln).
For any yn ∈ m ∩ ln, we denote respectively by y˜n, m˜, l˜n lifts of yn, m, ln to
the universal covering p : H2 −→ Σ\high with m˜ ∩ l˜n = {y˜n}. For any R > 0,
m˜(y˜n, R) and l˜n(y˜n, R) are the geodesic segments in m˜ and l˜n respectively centered
at y˜n and of length 2R. If (10.3) did not hold, then we would have sequences yn
of m ∩ ln and Rn > 0 and εn > 0 with limn→∞Rn = ∞ and limn→∞ εn = 0 and
such that l˜n(y˜n, Rn) is contained in the εn-neighborhood of m˜(y˜n, Rn) in H2 and
l˜n(y˜n, Rn) intersects only leaves t˜ of ω˜∞ with t˜ ∩ m˜ 6= ∅ for all sufficiently large
n, where ω˜∞ = p−1(ω∞). Since m ∩ ω̂∞ = ∅, ω∞ have no leaves asymptotically
approaching m. Otherwise m would be a compact leaf of ω̂∞. If ω∞ \ ω̂∞ meets m
transversely and non-trivially, then there exists a leaf t˜ of ω˜∞ \ p−1(ω̂∞) meeting
m˜ non-trivially and such that the Euclidean diameter of t˜ is arbitrarily small with
respect to the upper half space model of H2 such that the end of m˜ opposite to
t˜ ∩ m˜ is the point ∞ of ∂H2. Then, for all sufficiently large n, both m˜(y˜n, Rn)
and l˜n(y˜n, Rn) meet t˜ non-trivially. See Figure 10.1 (a). Now we consider the case
when ω∞ does not meet m transversely (possibly m is a leaf of ω∞ \ ω̂∞). Any
leaf t˜ of ω˜∞ \ m˜ and m˜ do not have common end points in ∂H2. If the t˜ meets
l˜n \ l˜n(y˜n, Rn) non-trivially, then the Euclidean diameter of t˜ is arbitrarily small
for all sufficiently large n. See Figure 10.1 (b). It follows from the definition of left
earthquake that either limn→∞∠xn(mn, l) = 0 or limn→∞∠xn(mn, l) = pi holds,
where xn is the point of mn ∩ l corresponding to yn. This contradicts (10.2) and
hence (10.3) is proved. Since moreover i(m, ln) = i(mn, l) ≤ i0 by (10.2), we know
from the maximality of M that u ∪ ω̂∞ is a lamination in Σ\high containing u as
an isolated leaf. Thus each non-compact leaf of λ\∞ \ ω̂∞ is isolated in λ\∞ ∪ ω̂∞.
Recall that any non-compact leaf of `(ω̂∞) = ω̂∞ \ ω̂	∞ is isolated in ω̂∞. It follows
from the remark in the paragraph preceding the proof that each non-compact leaf
of λ\∞ \ ω̂	∞ is isolated in λ\∞ ∪ ω̂∞ and hence also in λ\∞ ∪ ω̂	∞. By Lemma 9.9, λ′\∞
is a loop packing for the sub-lamination ω̂	∞ of ν
\
∞.
We rewrite g′n : Σ(g
′
n) −→ E′ as f ′n : Σ(f ′n) −→ E′. Then Σ(f ′n) has the
hoop family H(f ′n) homeomorphic to ĥ′n(H\low), see (9.3) for ĥ′n. Recall that
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Figure 10.1.
gn : Σ(gn) −→ E is a pleated map realizing H(f ′n) in E. Note that the real-
ization of H(f ′n) in Σ(gn) is homeomorphic in right marking to the lamination
λn in Σ(fn) supervised by λ
\
n. By this fact together with Lemma 9.4, we have
supn
{−Volbd(fn, gn)} <∞. It follows from (10.1) that
lim
n→∞
(
Volbd(f ′0, f
′
n)−Volbd(f0, gn)
)
= lim
n→∞
(
Volbd(f ′0, g
′
n)−Volbd(f0, fn)−Volbd(fn, gn)
)
= −∞.
In particular, this implies (V2) and hence completes the proof. 
10.2. Proofs of Theorem C and Corollary D. In this subsection, we suppose
that τ \ is a geodesic triangulation on Σ\ satisfying the conditions (T1)–(T5) in
Section 4 and τn is the geodesic triangulation on Σn supervised by τ
\.
The proof of Theorem C is close to those of Lemmas 5.1 and 5.2.
Proof of Theorem C. By Lemma 10.1, if necessary replacing E with E′, we may
assume that {fn} is a sequence of pleated maps to E satisfying
(10.4) Volbd(f0, fn) ≤ Volbd(f ′0, g′n) + C
for some constant C > 0. Let f̂n be a normalized map whose image is contained
in the 1-neighborhood N1(fn(Σ)) of fn(Σ) in E, see Definition 1.6. If fn(Σ) scrolls
around a component V of Etube, then by Lemma 1.5 there exists an embedded
torus T in N1(fn(Σ)) of Area(T ) < Area(Σn) bounding a solid torus V0 in E with
Vol(V0) ≤ Area(T ) and V0 ⊃ V . By this fact together with Proposition 8.12.1
in [Th1] (see also Lemma 1.7 (3)), one can show that |Volbd(fn, f̂n)| is uniformly
bounded. It follows from (10.4) that there exists a constant C ′ > 0 satisfying
(10.5) Vol(E(f̂0, f̂n)) = Vol
bd(f̂0, f̂n) < Vol
bd(f ′0, g
′
n) + C
′.
Let ψ : M −→M ′ be a continuous map satisfying the conditions (P1) and (P2) in
Section 5. Then ψ is properly homotopic to ϕ rel. M \ IntE. We will show that ψ
satisfies an SV-pseudo-inverse inequality on E.
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Recall that the closure of the component of E \ f̂0(Σ) adjacent to E is denoted by
E+(f̂0). For any almost compact 3-dimensional submanifold X of E
+(f̂0), there
exists n ∈ N such that X ⊂ E(f̂0, f̂n) =: X̂. By Lemma 4.2, for any straight
3-simplex σ : ∆3 −→ H3 with Vol(σ) > 1, there exist 3-chains ẑ0, ẑn on X̂ with
‖ẑ0‖+‖ẑn‖ ≤ b0 and such that ẑ(0, n) = zX̂(σ)+ ẑn− ẑ0 represents the fundamental
class of X̂ times Vol(σ). Let f ′∗n : Σ −→ E′ be the piecewise totally geodesic map
defined from ψ ◦ f̂n and satisfying the conditions given in the paragraph preceding
Lemma 5.1. By the property (T4) of τn, there exists m0 ∈ N independent of n
such that the number of elements of τ
(2)
n is not greater than m0. Since g
′
n realizes
H(fn) in E′, the bending locus of g′n in Σ(g′n) is homeomorphic to a lamination
in Σn obtained from τn by spiraling its vertices around H(fn). So there exists a
3-chain cn in E
′ consisting of ideal straight 3-simplices σi the number of which is
at most 3m0 and satisfying ∂3cn = f
′∗
n (Σ)− g′n(Σ) as 2-cycles. Here the reason of
the appearance of ‘3’ is the same as that for (4.3). Since |Volbd(f ′∗n , g′n)| ≤ 3m0v3,
it follows from (10.5) that
ωM ′(ψ∗(ẑ(0, n))) = Vol(σ)Volbd(f ′∗0 , f
′∗
n ) ≥ Vol(σ)(Volbd(f ′0, g′n)− 6m0v3)
≥ Vol(σ)(Vol(X̂)− 6m0v3 − C ′).
On the other hand,
ωM ′(ψ∗(ẑ(0, n))) = ωM ′(ψ∗(zX̂(σ)))+ωM ′(ψ∗(ẑn− ẑ0)) ≤ ωM ′(ψ∗(zX̂(σ)))+2b0v3.
This shows that
ωM ′(ψ∗(zX̂(σ))) ≥ Vol(σ)Vol(X̂)− c0,
where c0 = v3(6m0v3 + C
′ + 2b0). Since moreover
Vol(σ)Vol(X̂) = Vol(σ)‖zX̂(σ)‖ = ωM (zX̂(σ)),
we have
ωM ′(ψ∗(zX̂(σ))) ≥ ωM (zX̂(σ))− c0.
Thus ψ satisfies an SV-pseudo-inverse inequality on E+(f̂0). Since the volume of
E \ IntE+(f̂0) is finite, ψ and hence ϕ satisfy SV-pseudo-inverse inequalities on E.
This completes the proof. 
Proof of Corollary D. Suppose that ϕ : M −→ M ′ preserves the end invariants.
Let C be a finite core of M and C ′ = ϕ(C). Then one an suppose that ϕ|C : C −→
C ′ is a bi-Lipschitz map. For any end E of M , let E be the neighborhood of E with
respect to C and E′ = ϕ(E). If E is simply degenerate, then by Theorems A and
C ϕ|E : E −→ E′ is properly homotopic rel. ∂E to a bi-Lipschitz map ϕ[E . When
E is geometrically finite, consider the domains ΩΓ, ΩΓ′ of discontinuity of Kleinian
groups Γ, Γ′ with H3/Γ = M and H3/Γ′ = M ′ respectively. Since ϕ preserves
the conformal structure on geometrically finite end, ϕ|E is properly homotopic rel.
∂E to a bi-Lipschitz map ϕ[E which is extended to a conformal map from OE to
OE′ , where OE , OE′ are the components of ΩΓ/Γ and ΩΓ′/Γ
′ adjacent to E and E′
respectively. Then the map ϕ′ : M −→M ′ defined by ϕ′|C = ϕ|C and ϕ′|E = ϕ[E is
a bi-Lipschitz map the lift ϕ˜′ : H3 −→ H3 of which is extended to a quasi-conformal
map Φ∞ on S2∞ such that the restriction Φ∞|ΩΓ : ΩΓ −→ ΩΓ′ is conformal. By
Sullivan’s Rigidity Theorem [Su], Φ∞ is a conformal map. It follows that ϕ′ and
hence ϕ are properly homotopic to an isometry. 
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